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Introduction 



Orbifolds arise in geometry in two different ways and as a consequence 
tliey can be given two different descriptions. On one liand, as a topo- 
logical space Y (respectively an algebraic variety) which is the union 
of open subsets U of the form U = U/G, where f/ is a smooth mani- 
fold (respectively a smooth variety) and G is a finite group acting on it 
by diffeomorphisms (respectively algebraically). The data {U,U,G), as 
U varies, define an orbifold structure [Y] on Y. This way of thinking 
about orbifolds is in some sense concrete and geometric, but, to define 
a good notion of maps between such objects requires some work. On 
the other hand, from moduli problems, orbifolds arise in a more ab- 
stract but stil natural way. Orbifolds arising from moduli problems are 
called smooth algebraic stacks in the sense of Deligne-Mumford [21] • 
If [Y] denotes such a stack, the coarse moduli space Y associated to 
it is, locally in the etale topology, the quotient of a smooth variety by 
the action of a finite group. This variety parametrizes objects modulo 
isomorphisms. 

Gromov-Witten invariants for proper orbifolds have been defined 
first by Chen and Ruan [T2j for almost complex orbifolds. Their con- 
struction arises from orbifold string theory introduced by Dixon, Har- 
vey, Vafa and Witten [22j, ^22j, for orbifolds which are global quotients. 
In the algebraic category, orbifold Gromov-Witten theory has been de- 
veloped by Abramovich, Corti, Graber and Vistoli [l], [2]. The defi- 
nition of Gromov-Witten invariants for orbifolds is similar to that for 
almost complex manifolds and smooth varieties. The main change is 
that one replaces stable maps by twisted stable maps; these are orb- 
ifold morphisms from nodal curves with orbifold structure to a target 
orbifold. These morphisms have to satisfy some stability conditions 
that guarantee the existence of a compact moduli space. Similar to the 
smooth case, the genus zero orbifold Gromov-Witten invariants can be 
used to define an orbifold quantum cohomology. The degree zero part 
of the orbifold quantum cohomology, i.e. using only degree zero maps, 
is the orbifold cohomology ring of [Y] . 

The orbifold cohomology of [Y] has been defined by Chen and Ruan 
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[TK] for almost complex orbifolds. This has been extended to a non- 
commutative ring by Fantechi and Gottsche [2H1 in the case where the 
orbifold is a global quotient. Abramovich, Graber and Vistoli defined 
the orbifold cohomology in the algebraic case [2]. 

The underlying vector space of the orbifold cohomology is the direct 
sum of the cohomology of Y and the cohomology of the twisted sec- 
tors. These are orbifolds that parametrize points of [Y] together with 
nontrivial automorphisms. Note that, if U = fZ/G is an open subset 
of Y and y E U, hj an automorphism of y we mean an element of the 
stabilizer of y in G. Twisted stable maps, being orbifold morphisms, 
carry informations about automorphisms of points. So, twisted sectors 
come naturally in the picture of orbifold cohomology. 

We can see here a difference between the smooth case and the orb- 
ifold case. In the smooth case, the degree zero part of the quantum 
cohomology is the ordinary cohomology of the target space. In the orb- 
ifold case, the degree zero part contains the ordinary cohomology of Y 
subring. 

Let [Y] be a global quotient orbifold, i.e. its underlying space Y 
is of the form Y = X/G. Originating in Physics [221, |231, 1^2], coho- 
mological invariants of the orbifold [Y] have been defined and studied 
P]. These invariants can be recovered from the additive structure of 
H*^f^[[Y]). However, the orbifold cohomology ring contains much more 
information, notably the orbifold cup product. 

Assume that [Y] is a Gorenstein orbifold (see Definition 12. 4. 3|) and 
that the coarse moduli space Y admits a crepant resolution p : Z ^ Y: 
this means that Z is a smooth variety, p is an isomorphism outside the 
singular locus and p*{Ky) = Kz (see also Definition I2.4.4|] . Here Ky 
and Kz are the canonical bundle of Y and Z respectively. 

Motivated from Physics, Ruan stated the following cohomological 
crepant resolution conjecture [S21, see also Conjecture 12.4.161 Let p : 
Z ^ Y he a crepant resolution, assume further that we have chosen 
an integral basis of the kernel Ker p^: of the group homomor- 

phism : H2{Z, Q) — H2(Y, Q). Then, we assign a formal variable qi 
to each class Pi. Using contributions from genus zero Gromov-Witten 
invariants of Z whose homology classes belong to Ker p^:, we can de- 
form the ordinary cup product on H*{Z, C) in order to obtain new ring 
structures. This deformation will depend on the complex parameters 
Giving these parameters the same value —1, we get the so 
called quantum corrected cohomology ring H*{Z,C). Then the conjec- 
ture states that, under suitable assumptions, H*{Z, C) is isomorphic to 

HU[Y])- 

There are several motivations for studying this conjecture. It is re- 
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lated to the problem of understanding the behaviour of quantum coho- 
mology under birational transformations. Another motivation comes 
from mirror symmetry as most of the known Calabi-Yau 3-folds are 
crepant resolution of Calabi-Yau orbifolds. 

The conjecture has been proved in the following cases: for Y = S'''^\ 
the symmetric product of a compact complex surface 5", and Z = 5*^^' 
the Hilbert scheme of two points in S, in ^j; for Y = 8^"^^ the sym- 
metric product of a complex projective surface S with trivial canonical 
bundle Ks = Osj and Z = S'''"' the Hilbert scheme of r points in S, in 
[28] . Theorem 3.10; for Y = V/G the quotient of a symplectic vector 
space of finite dimension by a finite group of symplectit automorphisms, 
and Z a crepant resolution, when it does exists, in jHlj, Theorem 1.2. 
Notice that in the last two cases, the crepant resolution Z has a holo- 
morphic symplectic form, so the Gromov-Witten invariants vanish and 
there are no quantum corrections. This means that the orbifold coho- 
mology ring is isomorphic to the ordinary cohomology ring of Z. 

In this thesis, we study Ruan's conjecture for orbifolds with transver- 
sal ADE singularities, which are in a sense the simplest ones to which 
the conjecture applies. Indeed, assume that in the orbifold \Y] the 
open subset of points with trivial automorphisms group is dense. If 
\Y\ is Gorenstein, and even under the much more general assumptions 
that no chart {U, U, G) contains a pseudoreflection, then the orbifold 
structure [Y] can be recovered by the singular variety or analytic space 
Y. The simplest possible Gorenstein singularities are the ADE surface 
singularities (or rational double points also called Du Val singularities). 

An orbifold [Y] has transversal ADE singularities if, etale locally, 
the coarse moduli space Y is isomorphic to a product i? x C'^, where 
i? is a germ of an ADE singularity. In general for any Gorenstein orb- 
ifold [Y], there exists a closed subset W (lY of codimension > 3 such 
that Y\W has transversal ADE singularities. So the case we study is 
in a natural sense the simplest, ignoring higher codimension phenom- 
ena. On the other hand, transversal ADE singularities occur natural 
in many contexts: transversal Ai in S^"^^ for 5* a surface; transversal A^ 
in many complete intersections in weighted projective spaces; they also 
are, at least locally, examples of symplectic orbifolds. 

In this thesis, we lay down the structure to deal with general ADE 
singularities. After that, we concentrate on the transversal An case, 
with a further mild technical assumption we address Ruan's conjecture 
by computing explicitly both the orbifold cohomology and the quan- 
tum corrections. The former is achieved in general, for the later we 
have an explicit conjecture (see Conjecture I5.1.6|) which is only veri- 
fied under additional, and somewhat unnatural, technical assumptions. 
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We include a sketch of an argument which would prove the conjec- 
ture in general, assuming some technical results which we cannot so far 
prove. The conjecture is proven fully in the transversal Ai case. Finally, 
we construct an explicit isomorphism between the orbifold cohomology 
ring H*j,f^{[Y]) and the quantum corrected cohomology ring H*{Z) in 
the transversal Ai case, verifying Ruan's conjecture. In the transversal 
A2 case, the quantum corrected 3-point function (see Chapter 2.4.2) can 
not be evaluated in gi = g2 = — 1, so that H*{Z, C) is not defined. Thus 
Ruan's conjecture has to be slightly modified. However we have found 
that, if qi = ^2 is a third root of the unit different to 1, then the re- 
sulting ring H*{Z){qi, ^2) is isomorphic to the orbifold cohomology ring 
Horbii^])- ^1^0 in this case we give an explicit isomorphism between 
them (see Theorem 16. 2. 4jl . Thus proving a slightly modified version of 
Ruan's conjecture. We expect that in the An case, the same modifica- 
tion of Ruan's conjecture holds, i.e. if gi = ... = g„ is an (n+ l)-th root 
of unity such that gi ■ ■ • g„ 7^ 1, the resulting ring H*{Z){qi, ...,qn) is 
isomorphic to the orbifold cohomology ring H*^f^{[Y]). 



The structure of the thesis is the following. 

In Chapter 1 we collect some basic definitions on orbifolds, mor- 
phisms of orbifolds and orbifold vector bundles. In Chapter 2 we first 
review the definition of orbifold cohomology ring for a complex orb- 
ifold, then we state the cohomological crepant resolution conjecture as 
given by Ruan in |52| . In Chapter 3 we define orbifolds with transver- 
sal y4D£^-singularities, see Definition 13.2.51 Then we give a description 
of the twisted sectors in general. Finally we specialize to orbifolds 
with transversal ^^-singularities and, under the technical assumption 
of trivial monodromy, we compute the orbifold cohomology ring. In 
Chapter 4 we study the crepant resolution. We first show that any 
variety with transversal AZ)i?-singularities Y has a unique crepant res- 
olution p : Z ^ Y , Proposition 14.2.11 Then we restrict our attention 
to the case of transversal A^-singularities and trivial monodromy and 
we give an explicit description of the cohomology ring of Z. Chapter 
5 contains the computations of the Gromov-Witten invariants of Z in 
the An case. We also give a description of the quantum corrected co- 
homology ring of Z . In Chapter 6 we prove Ruan's conjecture in the 
Ai case and, in the A2 case with minor modifications. 
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Chapter 1 
Orbifolds 



We collect here some basic definitions. First of all we define smooth 
(or C°°) orbifolds and complex holomorphic orbifold using local charts, 
then we give some examples of orbifolds to explain the definition. We 
give the definition of a morphism between orbifolds and we show that 
the category of orbifolds is a 2-category, which means that given two 
orbifolds the set of morphisms between them has a structure of a 
groupoid. Finally we define orbifold vector bundles over a given orb- 
ifold. As an example of orbifold vector bundle, we will recall the defi- 
nition of the tangent bundle to any given orbifold. 

1.1 Definition of orbifold 

The notion of orbifold was first introduced by Satake in [HHl under 
the name of V -manifold. A characterization of orbifolds, as defined by 
Satake, in terms of their sheaves is given in IIH]. A different definition 
was given by Chen and Ruan in [T2|. The second definition is slightly 
more general than the first, indeed it leads to the notion of non-reduced 
orbifold while an orbifold as defined by Satake is called reduced. In [T7] . 
section 4.1, the authors prove that the two definitions are equivalent, 
once restricted to reduced orbifolds. 

In this paper we will follow [^21 and ^Hl with minor modifications 
in order to include non-reduced orbifolds. 

Let F be a paracompact Hausdorff topological space. A uniformiz- 
ing system for an open subset U C Y is a collection of the following 
objects: 

U a connected open subset of M*^; 

G a finite group of C°°-automorphisms of U such that: the fixed- 
point set of each element of the group is either the whole space 
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or of codimension at least 2, the multiplication in G is given by 
91 ■ 92 — 91 ° 92 where o is the composition; 

X a continuous map U ^ U that induces an homeomorphism from 
U/G to U, where U/G is the quotient space with the quotient 
topology. Here G acts on U on the left. 

We will call the subgroup of G which consists of elements fixing the 
whole space the kernel of the action, and it will be denoted by Ker(G). 

Notation 1.1.1. Given an open subset U of y, a uniformizing system 
for U will be denoted by {U,Gu,Xu)- If the dependence on U is clear 
from the context, it will also be denoted by (f/, G, x). 

Definition 1.1.2. The dimension of an uniformizing system (C/, G, x) 
is the dimension of U as a real manifold. 

Let {U, G, x) and {U', G', x') be uniformizing systems for U and U' 
respectively, and let U G U' . An embedding between such uniformizing 
systems is a pair {ip, A), where ip : U — > C/' is a smooth embedding such 
that x' ° V — X and A : G — > G' is a group homomorphism such that 
(p o g = \(g) o Lp for all g & G. Furthermore, A induces an isomorphism 
from Ker(G) to Ker(G'). 

Definition 1.1.3. An orbifold atlas onY is a family U of uniformiz- 
ing systems for open sets in Y satisfying the following conditions: 

1. The family x{U) is an open covering ofY , for {lJ,G,x) £ 

2. Let {U, G, x), (U', G', x') &U be uniformizing systems for U and 
U' respectively, and let U C U' . Then there exists an embedding 
{^,X):{U,G,x)^{U',G',x'). 

3. Let ([/, G, x), {U' , G', x') &U be uniformizing systems for U and 
U' respectively. Then, for any point y & U H U' , there exists an 
open neighbourhood U" C U f] U' of y and a uniformizing system 
{If", G", x") for U" which belong to the family U. 

Two such atlases are said to be equivalent if they have a common 
refinement, where an atlas U is said to refine V if for every chart in U 
there exists an embedding into some chart in V. 

A smooth orbifold structure on a paracompact Hausdorjf topolog- 
ical space Y is an equivalence class of orbifold atlases on Y. 
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Notation 1.1.4. We denote by [Y] the smooth orbifold structure on 
the topological space Y. We will call this simply an orbifold. 

Definition 1.1.5. The orbifold [Y] is said of real dimension d if 

all the uniformizing systems of an atlas have dimension d. The real 
dimension of \Y] will be denoted by dimiR[Y] or, by abuse of notation 
by dim[Y] . 

Remark 1.1.6. Every orbifold atlas for Y is contained in a unique 
maximal one, and two orbifold atlases are equivalent if and only if they 
are contained in the same maximal one. Therefore we shall often tacitly 
work with a maximal atlas. 

Proposition 1.1.7 Proposition A.l). Let (v?, A) and be two 

embeddings from {U,G,x) to {U',G',x')- Then, there exists a g' E G 
such that 

ip = g' o if and yU = g' ■ A ■ g' ^. 
Moreover, this g' is unique up to composition by an element of Ker(G'). 

Remark 1.1.8. Notice that, for any uniformizing system (t/, G, x) 
and g E G, there exists a g' E G' such that ip o g = g' o ip. Moreover 
this g' is unique up to an element in Ker(G'). Thus, in the definition 
of an embedding {(p,X), the existence of A is required to guarantee a 
continuity for the kernels of the actions. 

Remark 1.1.9. The previous remark implies that, for any embedding 
{(p, A), the group homomorphism A is injective. 

Lemma 1.1.10 (pj, Lemma A.2). Let (y?. A) : (f/, G, x) ^ {U',G',x') 
be an embedding. If g' G G' is such that v^(f/) H {g' o (p){U) ^ 0, then 
g' belongs to the image of A. 

Remark 1.1.11. Let (f/, G, x) be a uniformizing system for the open 
subset \J oiY . Let [/' C f/ be an open subset. Then we have an 
induced uniformizing system (f/', G', x') for U' , where U' is a connected 
component of x~^{U') and G' is the maximal subgroup of G that acts 
on U'. Clearly there is an embedding of (f/', G', x') in {U, G, x)- 

It follows that, for a given orbifold [Y], we can choose an orbifold 
atlas U arbitrarily fine. 
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Remark 1.1.12. Let [Y] be an orbifold and let (f/i, Gi, xi), (f^2, G2, X2) 
be uniformizing systems for open subsets Ui, U2 of Y in the same 
orbifold structure [Y]. For any point y G t/i fl there is an open 
neighbourhood U12 of y such that U12 C Ui H U2, a uniformizing 
system (f/i2, G12, X12) for U12, compatible with [F], and embeddings 
{iPi,\i) : (f/i2,Gi2,Xi2) for i G {1,2}. So, we get the 

isomorphism: 

(pi2 := (p2 o v^r^ : </'i(f/i2) V2{Ui2). 

Let now t/i, U2 and [/a be open subsets of Y such that f/i fl t/2 H 
f/3 7^ 0, and assume that there are uniformizing systems (f/i,Gi,Xi), 
(t/2, G2, X2) and (f/3, G3, Xs) for t/i, f/2 and f/3 respectively. Then, from 
Proposition II. 1.7L there exists g E G3 such that 

where the equation holds if we restrict the functions to some open 
subsets of the domains. 

Definition 1.1.13. A reduced orbifold is an orbifold structure [Y] on 
Y such that there exists an orbifold atlas U for \Y] with the following 
propertiy: for any uniformizing system {U, G, x) ^ Ker(G) is the 
trivial group. 

Definition 1.1.14. Let [Y] be a smooth orbifold and y eY be a point. 
A uniformizing system for [Y] at y is given by an open neighbour- 
hood Uy of y in Y and a uniformizing system {U, G, x) for Uy in the 
orbifold structure \Y] such that, U <ZW^ is a ball centered in the origin 
G M", G acts trivially on and x^^iu) = 0- 

Notation 1.1.15. For a given orbifold [Y] and a point y E Y, a uni- 
formizing system at y will be denoted by {Uy, Gy, Xy) and xiPy) by Uy. 
The group Gy will be also called the local group at y. 

We now define a complex orbifold. We will use the same notation 
as in the smooth case. 

Let F be a paracompact Hausdorff topological space. A complex 
uniformizing system for an open subset f/ of F is a triple (f/, 
where f/ C is a connected open subset, G is a finite group of holo- 
morphic automorphisms of U and x is a continuous map satisfying the 
same properties required in the smooth case. 
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Definition 1.1.16. The complex dimension of a complex uniformiz- 
ing system (U, G, x) is the dimension of U as a complex manifold. 

Let ([/, G, x) cind (f/', G', x') be complex uniformizing systems for 
U and U' respectively, and let f/ C f/'. A complex embedding between 
such uniformizing systems is a pair (y?, A) satisfying the same properties 
stated in the smooth case but where ^ [/' is holomorphic. 

Definition 1.1.17. A complex orbifold atlas on Y is a family lA 
of complex uniformizing systems for open sets in Y satisfying the con- 
ditions 1., 2. and 3. of Definition I j . j . ^ where we replace embeddings 
with complex embeddings. 

Two such atlases are said to be equivalent if they have a common 
refinement, where an atlas lA is said to refine V if for every chart in lA 
there exists a complex embedding into some chart in V. 

A complex orbifold structure on a paracompact Hausdorff topo- 
logical space Y is an equivalence class of complex orbifold atlases on 
Y. 

Definition 1.1.18. The complex orbifold [Y] is said of complex di- 
mension d if all the uniformizing systems of a complex atlas have 
complex dimension d. The complex dimension of \Y] will be denoted by 
dimc[Y] or, by abuse of notation by dim[Y] . 

Remark 1.1.19. Proposition II . 1 . 71 Lemma Fl . 1 . 1 01 and Remarks 11.1 .61 
ll.l.8| ll.l.9[ ll.l.lll and I1.1.12L holds in the complex case. The notions 
of reduced complex orbifold and of uniformizing systems at a point are 
defined for complex orbifolds in the same way of the smooth case. 

Lemma 1.1.20 {Linearization lemma,^^ Theorem 4.). Let \Y] be a 
complex orbifold and let y G F be a point. Then we can choose a local 
uniformizing system (f/y, Gy^ Xy) V such that Gy acts linearly on Uy. 

1.2 Examples of orbifolds 

In this section we give some examples of orbifolds, principally of com- 
plex orbifolds. 

Example 1.2.1. [Smooth and complex manifolds] Let F be a smooth 
(resp. complex) manifold. Let (?7, a) be a chart, where f/ C F is open 
and a : U ^ R'' (resp. C^) is an homeomorphism with the image. 
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Then {U — a{U),G = = a^^) is a smooth (resp. complex) 

uniformizing system for U. Let ([/', a') be another chart in the same 
smooth (resp. complex) atlas of {U, a). Then the previous construction 
gives smooth (resp. complex) uniformizing system for U CiU' and for U' . 
Moreover we have smooth (resp. complex) embeddings corresponding 
to [/ n [/' C [/, U'. It follows that a smooth (resp. complex) manifold 
has a natural orbifold structure. 

Example 1.2.2 {Global quotients). Let X be a smooth (resp. complex) 
manifold with the action of a finite group of diffeomorphisms (resp. 
biholomorphic transformations) G. Let Y be the quotient space with 
the quotient topology, Y = X/G. Clearly U = {{U = X,G,x)} is 
a smooth (resp. complex) orbifold atlas for Y, where x '■ ^ ^ ^ 
the quotient map. So the class of U define a smooth (resp. complex) 
orbifold structure over Y. This orbifold structure will be denoted by 
[X/G] and is called global quotient. 

Example 1.2.3 ( Weighted projective space [P(ao, 0,^)]). Let Oq, 
be positive integers. Then P(ao) ■■■■,o,d) is, by definition, the quotient 

P(ao,...,a,) = (C'^+i-{0})/C* 

of C^"^^ — {0} under the equivalence relation 

(a;o,...,a;d) ~ (A"°a;o,...,A'^"a;d) for XeC*. 

For any (xq, a;^) e C^+i - {0} we will denote with [xo,...,^,^] e 
P(ao, ■■■,ad) the equivalence class of (xq, ■■■,Xd)- 

Let Xi = [xi 7^ 0} C C^+i - {0} and Ui = Xi/C*. For any 
i = 0, d, let Ui = with coordinates {zq, ij, Zd) and Gi = Hai, 
the group of a^-th rooth of unity, acting on Ui as follows 

€■ {zo,...,Zi,...,Zd) = {e'^^zo, Zd) for e e 

Then the map Ui — > P(ao, Od) defined by 

(^0) ^11 Zd) ^ [ZOi Zi-l, 1, Zd] 

induces an isomorphism between tJi/jiai and Ui. 

In order to give an orbifold atlas on P(ao, a^) it is enough to 
construct, for any [x] G P(ao, ctd), a uniformizing system at [x], say 
{U[x],G[^],X[x]), and embeddings {U[^],G[^],X[x]) ^ ipi.iiai.Xi) when- 
ever C/[j,] C Ui. 

Let [x\ e Ui, then take any z & Ui such that [z] — [x\. Define G\^x] 
to be the stabilizer in of z. For U^x] take a small ball in Ui such that 
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G[r,] acts on it and, for any g e fia,- G^x], g{U[x]) n f/[x] = 0. Let be 
the quotient of U[x] by G^x] and X[x] '■ U[x] ^ U[x] be the quotient map. 
By construction there is an embedding (f/[^.], ^ {Ui, l^a,,Xi)- 

If U[x] C Uj for some j 7^ i we have to construct an embedding 

Notice that, if f/j fl Uj 7^ 0, for any z E Ui such that [z] G f/j fl Uj there 
is a biholomorphic map with domain a suitable neighbourhood of z in 
Ui and values in Uj defined as follow 

7 / ^ N ( ^0 1 ^ 

(pij . 1^2:0, Zj, 2dJ 1-^ I , ^^^^^ , Zj, ^^^^^ 

where z^""^ is a choosed a^-th rooth of Zj. Then using this we obtain 
the required embedding. Notice that, if z' = 4>ij{z), then [z'] = [x] and 
the stabilizers of z' in fia^ and of z in /i^^ are isomorphic. 

Example 1.2.4 {Hypersurfaces in weighted projective spaces). We use 
the same notation of the previous example. A polynomial F in the 
variables xq, is weighted homogeneous of degree D, if the following 
holds 

F(A''°xo,...,A'^'^a;rf) = A^F(xo,...,x,), 

for any A G C*. In this case, the equation F = defines a closed 
subvariety Y of P(ao, 0,^). 

Assume that the affine variety {F = 0} is smooth in C^^^ — {0}. 
Than the same construction of the previous example can be used to 
give an orbifold structure over Y. 



Remark 1.2.5. There is a more algebraic construction of P(ao, •••,0^) 
which goes as follows ([24]). Define S{ao, ...,ad) to be the polynomial 
ring C[xq, Xd] graded by the condition deg{xi) = ai, for i G {0, rf}. 
Then 

P(ao, ad) = Proj(S'(ao, ad)). 

Here we use the definition given in for the Proj of a graded C- 
algebra. 

The condition for F to be weighted homogeneous of degree D means 
that F is homogeneous of degree D in S{ao, ad). 
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Let F to be a variety as in the last example. Then the canonical 
sheaf Ky of Y is given as follows 

d 

where, for any integer m, Oyim) is the sheaf associated to the graded 
module {S{ao, ...,ad)/{F)) (m), [24j. See Notation [2321 for the defini- 
tion of Ky- 

This construction has been extensively used to give examples of 
orbifold with trivial canonical bundle, i.e. Calabi-Yau orbifold. 

Remark 1.2.6. In |Tl||, the authors introduces the notion of toric 
Deligne-Mumford stack, this is an orbifold structure over a simplicial 
toric variety. Note that a simplicial toric variety is an algebraic variety 
with quotient singularities (|^, Section 2.2). 

A toric Deligne-Mumford stack corresponds to a combinatorial ob- 
ject called a stacky fan. A stacky fan S is a triple consisting of a finitely 
generated abelian group N , a simplicial fan S in Q ®z ^ with d rays 
(see |Sl], Section 2.2, for the definition of a simplicial fan), and a map 
(3 : ^ N where the image of the standard basis of generates the 
rays in E. 

A rational simplicial fan E in some lattice N = (where rational 
means that any simplex of the fan is generated by vectors in the lattice) 
gives a canonical stacky fan S = (A^, E,/?) where {3 is the map defined 
by the minimal lattice points on the rays. Hence, there is a natural toric 
Deligne-Mumford stack associated to every simplicial toric variety. 

Notice that weighted projective spaces and hypersurfaces in weighted 
projective spaces are toric varieties and the orbifold structures con- 
structed in Examples 11.2.31 and 11.2.41 are examples of toric Deligne- 
Mumford stacks. 

1.3 Morphisms of orbifolds 

In this section we review the notion of morphism between two given 
orbifolds and of natural transformation between two morphisms of the 
same orbifolds. We will see that orbifolds and morphisms form a 2- 
category: 1-morphisms are morphisms and 2-morphisms are natural 
transformations. 

Satake in the paper f53] defined C°°-map between orbifolds. With 
this definition, smooth orbifolds and C°°-maps form a category. It turns 
out that, given a C°°-map from the orbifold [X] to the orbifold [Y], and 
an orbifold vector bundle [E] over [Y], it is not possible, in general, to 
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pull-back [E] using this map. This point is explained, for example, in 
[T7j Section 4.4, gS] Section 2 and in Section 2. 

In order to be able to pull-back vector bundles, the correct definition 
of a morphism between two orbifolds is that of strong map defined by 
I. Moerdijk and D. A. Pronk in [12] (Section 5), or good map defined 
by W. Chen and Y. Ruan in [T2|, Definition 4.4.1. As proved in [89] . 
Proposition 5.1.7, the two definitions are equivalent. 

Definition 1.3.1. Let [X] and [Y] be two orbifolds, f : X Y be a 
continuous map. A compatible system for f is given by the following 
objects: 

1. two atlases V andlA for [X\ and \Y\ respectively; 

2. a correspondence that associates to any uniformizing system (V, H, p) 
in V, an uniformizing system {U, G, x) in U and a smooth func- 
tion fy-.V^U, such that 

X°fv = f°P'^ 

3. a correspondence that associates to any embedding {ip, fi) : (V^, H, p) - 
iy' , H', p') an embedding {ip, A) : {U, G, x) {U', G', x!) between 
the corresponding uniformizing systems such that 

fy,0^ = ifO fy. 

Moreover we require that the assignment of the above objects is functo- 
rial with respect to the composition of embeddings ijp^ij) ■ (y,H,p) 
ir,H',p') and : iV',H',p') ^ iV",H",p"). 

Remark 1.3.2. From the definition we have that for any uniformizing 
system (V^, H, p) in V, let ([/, G, x) be the corresponding uniformizing 
system of U, then there is a group homomorphism fn '■ H ^ G such 
that 

/y ° ^ = fuih) o fy for any h^H. 

Notation 1.3.3. A compatible system for / will be denoted by / : 

V — i> W, where V and U are atlases of [X] and \Y] respectively. For any 
uniformizing system {V,H,p) G V, we will denote by f{V,H,p) the 
corresponding uniformizing system in U. For any embedding (V',/^) in 

V we will denote by fi^ip,^) the corresponding embedding in U. 
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Lemma 1.3.4 (dH Remark 4.4.7). Let fi■.V^-^ Ui, for i G {1, 2}, be 

two compatible systems of the same function f : X Y. Then there 
exists a common refinement V of both Vi and V2, a refinement lA of 
both lAi andlA2, and compatible systems f[:V^lA,i^ {1^2], such 
that f[ is induced by fi for any i G {1, 2}. 

The previous Lemma means that given two compatible systems we can 
always assume that they are defined over the same atlases. 

Definition 1.3.5. Two compatible systems fi :Vi ^ Ui, for i = 1,2, 
of the same map f , are said equivalent if they coincide when defined 
over the same atlases. 

A morphism [f] from the orbifold [X] to the orbifold [F] is given 
by a continuous map f : X ^ Y and an equivalence class of compatible 
systems for f . 

We now review the notion of natural transformation between two 
morphisms. 

Definition 1.3.6. Let fi and /2 be compatible systems for f : X ^ Y . 
Assume that they are defined over the same atlases V and lA of [X\ 
and \Y] respectively. A natural transformation from fi to /2 is a 
correspondence that associates to any uniformizing system {V , H, p) G 
V an automorphism 5y of fi{V , H, p) = f2{V,H,p) such that 

(/2)y = SyO (/i)^, 

and such that, for any embedding (i^^p) ■ {V,H,p) {V',H',p') in V, 
the following diagram commutes 

h{V,H,p) fi{V',H',p') 

f,(V,H,p) kV',H',p'). 

Remark 1.3.7. Let /i, /2 : V — W be compatible systems for / : X — > 
F, and let {Sy : (y,H,p) G V} be a natural transformation between 
them. Let V' and W be refinement of V and U respectively. Then 
there is a natural transformation {6'y : {V',H',p') G V'} between the 

compatible systems f[,f2-^'^ W that are induced by /i and /2. We 
will say that {5y} and {5'y} are equivalent. 
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Definition 1.3.8. Let [f]i and [f]2 be morphisms from [X] to [Y]. 
A natural transformation between [f]i and [f]2 is an equivalence 
class of natural transformations between two compatible systems that 
represents [f]i and [f]2- 



Notation 1.3.9. We will denote a natural transformation between the 
morphisms [fi] and [/2] by [fi] =^ [/2]. We will use the same symbol 
for natural transformations between compatible systems. 



Remark 1.3.10. (Orbifolds as groupoids) Let \Y] be an orbifold. Any 
atlas lA of \Y] determines a groupoid which represents \Y]. This is 
shown in IHj Theorem 4.1.1; for a detailed study of the relations be- 
tween orbifolds and groupoids see |121- 

By abuse of notation, we will denote also by lA the groupoid asso- 
ciated to the covering U. 

Let [X] and [F] be orbifolds and / : X — > F a continuous map. 
Then a compatible system f :V ^ lA induces a morphism of the cor- 
responding groupoids. Conversely, for any pair of groupoids V and 
lA that represent [X] and \Y] respectively, and a groupoid morphism 
f : V ^ U, there is an induced compatible system for /. This is the 
content of Proposition 5.1.7 in |,S2j- Moreover, natural transformations 
between compatible systems correspond to natural transformations be- 
tween the associated morphisms of groupoids (see |42] Section 2.2 for 
the definition of natural transformation of morphisms of groupoids). 
So, the notion of compatible system is the same of strong map intro- 
duced in |35, Section 5. 

Remark 1.3.11. (Orbifolds as stacks) There is another way to define 
orbifolds, that is as smooth Deligne-Mumford stacks (|2Tj, [22j, |59]). 
The way to pass from our definition to stacks is through groupoids. 
Indeed, given an atlas W, we can construct the corresponding groupoid 
lA, then there is a procedure that associates to the groupoid hi a stack 
ff59]. Appendix). 

We now show that our definition of morphisms between orbifolds 
corresponds to the definition of morphisms between stacks. 

Proposition 1.3.12. The 2-category of orbifolds with orbifold mor- 
phisms is equivalent to the 2-category of smooth Deligne-Mumford stacks 
with morphisms of stacks. 
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Proof. Let (Orb) denote the category of orbifolds and orbifold mor- 
phisms, and let (Stacks) denote the category of stacks and stack mor- 
phisms. From Remark 11.3.111 it follows that we have a correspondence 
that associates to any object [Y] in (Orb) an object y in (Stacks). We 
now construct a correspondence that associates to any morphism in 
(Orb) a morphism in (Stacks) in such a way that this gives a functor 
(Orb) —>■ (Stacks) such that, for any pair of orbifolds [X] and [Y], the 
map 

Mor(Orb)([^]' ^ ^ ^or^gtacks) ('^' (1-1) 

is bijective. Note that this would be an equivalence, indeed any smooth 
Deligne-Mumford stack is represented by a groupoid (^^ Appendix), 
then apply Remark (1.3.101 

Let [/] : [X] [Y] be a morphism of orbifolds. We construct a 
morphism F : X —>■ y of stacks in the following way: 

1. we give open coverings {[Vi/ Hi]}i^j of X and {[Uj/Gj]}j^j of y; 

2. we define morphisms Fj : [Vi/Hi] — > [f/i,(j) /G',^(j)] , where v : I ^ J 
is a function; 

3. for any i, i' G /, we give a natural transformation Sui : Fai =^ Fin, 
such that odiii = 6^" on triple intersections, where Fa' denote 
the restriction of Fj to [Vi/Hi] Xx [Vi'/Hi>]. 

Let / : V ^ W be a compatible system representing [/] . Then define 

m/H,]},^j:={[V/H] : {V,H,p)eV} 

and 

{[Uj/G,]heJ--={[U/G] : {U,U,x)eU}. 

The function u : I ^ J is the correspondence given in point 2 of 
Definition We now define a morphism Fi : [Vi/Hi] [f/j,(j)/G,y(j)] 
for any i & L Let fy^ : Vi Uu{i) and fn^ '■ Hi Gu(i) given as in 
Definition 11.3.11 and Remark 11.3.21 An object in [Vi/Hi] over the base 
B is represented by the following diagram: 

P -^Vi 
B 

where P — > i? is a principal ifj-bundle, and a : P ^ is an Hi- 
equivariant smooth function. This object can be also given by an open 
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covering {Bk}K of B and the following data 

him £ Hi, for any /, m such thati?^ fl B^ 7^ 0, such that hmn ■ him = hin 
ak : Bk ^ Vi, smooth functions such that ai = him o «m 

modulo the equivalence relation that identifies him with hi ■ him ■ h^ and 
ak with hk o ak for hk E Hi, for any k & K. So, using this description 
of the objects, we define Fi on the objects to be given by the following 
correspondence 

Fi : {him, ak}/^{9im = fn^ihim), Pk = fv, o ak}/~ 

On morphisms, Fi is defined in an analogous way. 

Let i, i' G /. Then, the natural transformation 5^/ : Fa/ =^ Fin is 
constructed as follows. We can cover [Vi/-ffi] [Vi'/Hi'] using open 
embeddings that are induced by embeddings of uniformizing systems 
as follows 

^ : [Vim/ Him] ^ [V/H,] xx [Vi,/H,], 

where {Vim, Him, Pim) £ V. Point 3 of Definition 11.3.11 gives natural 
transformations from the restriction of Fai on [Vm/ Him] to the restric- 
tion of Fi'i on [Vm/Him]- The functoriality assumption in Definition 
[USUI ensures that these natural transformations patch together to give 
6iii. Finally, the cocycle condition on natural transformations follows 
from the functoriality condition given in Definition ll.3.11 

To show that the map ()1.H1 is bijective, we will construct an inverse. 

Let 



F-.x^y 



be a morphism of stacks. Let x G X be a point, and let H^, Px) be 
a uniformizing system at x. We assume that Vx is simply connected. 
We can assume that the restriction of F to \Vx/Hx] take values in a 
global quotient stack \U /G]. So, we have 



The following object 



Fx : [Vx/Hx] ^ [iJ/G]. 



Vx X Hx 



Vx. 



(1.2) 
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has group of automorphisms H^, where the horizontal map Vx x 

Vx is given by A;) i-^ k{^) and the vertical map is the projection. 

Indeed, for any h ^ H^, the following diagram is cartesian 



Vx X Rx ^ K X R . 

Vx ^ Vx 



where the vertical arrows are projections, the lower horizontal is ^ t— > 
/i(^) and the upper horizontal (^, fc) ^ {h{^), k-h~^). So we get a group 
homomorphism fu^ : Hx ^ G. Now notice that we have a morphism 
Vx ^ [U /G] which is the composition of Vx [Vx/Hx] with Fx. This 
correspond to the following diagram 



Q 



u 



(1.3) 



where Q Vx is a principal G-bundle and Q U is G-equivariant. 
But since Vx is simply connected, Q ^ Vx has a section s. So, if we 
define fy = P o s, we get a map fy-Vx^ U. Let h G Hx. If we see h 
as an automorphism of (jl.2jl . then Fx{h) is an automorphism of (|1.3|] . 
It follows that fyoh = fnih) o fy. 

So, we have constructed a map Mor^g^^^j^g-j (A", 3^) — Mor^Q^j^-j ([X], [F]). 

We now show that it is an inverse of (jLljl . Consider an object in 
[Vx/ Hx]{B). Let it be described by the data {him, c^k} with respect to 
the covering {-Bfcjfceft:- Let us denote the image of this object under Fx 
by {gim, f^k}- Then we have the following commutative diagram 



B, Vx U 

id 

Bk > [Vx/Hx] [U/G]. 



This shows that (^k = fv ° (^k- Now, for any l,m ^ K, the equation 
C(i = him ° ttm means that him is a morphism between two objects over 
the same base Bim- Then, if we apply the functor Fx, we have that 
Fx[him) is a morphism between the corresponding objects. This shows 
gim = fHAhim)- □ 
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1.4 Orbifold vector bundles 

We shall now review the definition of orbifold vector bundles. We will 
follow the definition given in Then, following [53], we will review 
the construction of the orbifold tangent bundle. The orbifold cotangent 
bundle and its exterior powers are constructed in the same way. Then 
we review the notion of differential form and also of the de Rham 
cohomology for orbifolds. Finally we recall a Theorem, due to Satake, 
which states that the de Rham cohomology of [Y] is isomorphic to the 
singular cohomology of the underlying topological space. 

Definition 1.4.1. Let [Y] be an orbifold and letU be the maximal atlas. 
A smooth orbifold vector bundle [E] on \Y] is given by: 

L for any uniformizing system {U,G,x) a (ordinary) vector 

bundle Ejy on U ; 

2. for each embedding {ip, A) : {U, G, x) ^ {U', G', x') an isomor- 
phism E{(p,X) : Ejj ip*Efj,, moreover we require that these 
isomorphisms are functorial in {(p, A). 

Let [E] be an orbifold vector bundle on [Y] . A section [s] of [E] 
is given by a (ordinary) section sq of Efj, for any uniformizing sys- 
tem {U, G, x) ^ ^> such that, for each embedding {(f, A) : {U, G, x) ^ 
{U',G',x'), 

E{^,X){s^) = s^,. 

Remark 1.4.2. To define an orbifold vector bundle [E] on \Y] (up to 
isomorphism) , it is enough to specify the bundles Efj and vector bundle 
maps -E(v?, A) for all uniformizing systems (f/, G, x) some atlas with 
the property that the images U = xiP) C Y form a basis for the 
topology on Y . This is Remark 1, in Section 2, |i3] . 

Remark 1.4.3. Let [E] be an orbifold vector bundle on [F], and let 
(f/, G, x) be a uniformizing system. Then each g E G defines an em- 
bedding {g,Adg) : {U,G,x) {U,G,x)i where Adg : G — > G is given 
9' ^ 9 ° 9' ° 9^^- So, we have an isomorphism 

E{g,Adg):E^-^g*E^. 

This defines an action of G on E^. Thus we see that E^ is a G- 
equivariant vector bundle on U. 
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Example 1.4.4 {Orbifold tangent and cotangent bundle). Let [Y] be 
a smooth orbifold, and let U be the maximal compatible atlas. The 
orbifold tangent bundle of \Y] is the orbifold vector bundle T^y] defined 
as follows: 

1. {TiY])(j = Tjj is the tangent bundle of U , for any uniformizing 
system (f7,G,x); 

2. for any embedding (<^, A) : (t/, G, x) ^ (t/',G",x'), %](<^,A) = 
Tip is the tangent morphism of Lp. 

In the same way we define the orbifold cotangent bundle Tjyj . Then 
we can form the p-th exterior product A^Try, . 



Definition 1.4.5. Let \Y] be a smooth orbifold. A differential p- 
form on [Y] is a section of A^T^yj . 

The space of differential p-forms over [Y] will be denoted by fij'yj . 



We can define the exterior differential d : Q'^y] ~^ ^^y] ^^'^ ^^'^ wedge 
product on differential forms (see (SB], Section 3, for more details). So, 
we define the p-th de Rham cohomology group of [Y] in the usual way: 



Ker(d : Qfyj ^ fifj') 
Im(d : Qfy.^ ^ ' 



The following result holds, see [HHl Theorem 1, |S3 pag. 78. 

Theorem 1.4.6. For any p > 0, there is a natural isomorphism be- 
tween the p-th singular cohomology group R) of the topological 
space Y and the p-th de Rham cohomology group H'^^{[Y],M.) of the 
orbifold [Y] . Moreover, under this isomorphism the exterior product in 
fi*y] corresponds to the cup product in Hp{Y,M.). 

We can define connections on orbifold bundles. For an orbifold 
vector bundle with a linear connection we have characteristic forms by 
Weil homomorphism. The cohomology class of a characteristic form is 
independent of the choice of the connection. So we have Euler classes 
for oriented orbifold vector bundles, Chern classes for complex orbifold 
vector bundles, and Pontrjagin classes for real orbifold vector bundles. 
Moreover one can see that these characteristic classes are defined over 
the rational numbers. 
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Integration over compact orbifolds is defined as follows. First of 
all, assume that [Y] = [V/G] is a global quotient orbifold. Let u he a 
differential p-form on [Y]. By definition, is a G-equivariant p-form uj 
on V. Then the integration of u on [Y] is defined by 



where |G| is the order of the group G. We use the convention such that, 
if the degree of the differential form is different from the dimension of 
the manifold, then the integral is zero. 

Let [Y] be a compact orbifold. Fix a C°° partition of unity {pi} 
subordinated to the covering {Ui}, where each Ui is an uniformized 
open set in Y. For any p-form u on [Y], the integration of u over [Y] 
is defined by 



where [Ui] has the global quotient structure. This definition is indepen- 
dent of the choice of the partition of unity (p3|. Section 8). 

The following Theorem holds, which is a form of Poincare Theorem 
for orbifolds, see also f53]. Theorem 3. 

Theorem 1.4.7. The bilinear form 



is non degenerate. 

We now recall the definition of complex orbifold vector bundle and 
of holomorphic section over a complex orbifold. 

Definition 1.4.8. Let [Y] be a complex orbifold and letU be the max- 
imal atlas. A complex orbifold vector bundle [E] on \Y] is given 
by: 

L an ordinary complex vector bundle Ejy on U , for any uniformizing 
system {U, G, x) ^ 

2. an isomorphism E{(p, A) : Eq — > V*Ejj, of complex vector bundles, 
for any embedding {ip, A) : (f/, G, x) {U', G', x') such that these 
isomorphisms are functorial in {ip, A). 






porb 
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Let [E] be an orbifold vector bundle on \Y] . A holomorphic sec- 
tion [s] of[E] is given by a ordinary holomorphic section S(j of Efj, for 
any uniformizing system {U, G, x) ^ ^> such that, for each embedding 



^)(%) = 



Chapter 2 

Orbifold cohomology 



The notion of orbifold cohomology ring was introduced by Chen and 
Ruan for an almost complex orbifold This has been extended by 
Fantechi and Gottsche to a noncommutative ring [2H1, in the case where 
the orbifold is a global quotient. Abramovich, Graber and Vistoli gave 
the definition of orbifold cohomology ring in the algebraic case, that is 
for a smooth Deligne-Mumford stack p]. 

This chapter can be divided in two parts. In the first part, Sections 
1,2,3, we review the definition of orbifold cohomology ring for a complex 
orbifold. We follow closely the paper [1^1. In the second part. Section 4 
we state the cohomological crepant resolution conjecture given by Ruan 
[525. The aim of this paper is to verify this conjecture for a certain 
class of orbifolds which will be defined in the next chapter. 

Notation 2.0.9. In this chapter all orbifolds will be complex orbifolds. 
So, morphisms will be holomorphic and orbifold vector bundles will be 
complex. Furthermore, we assume that [Y] has complex dimension 
dimc[Y] = d, see Definition ll. 1.181 

We will use the same notation ll.l.lBL so, for any y {Uy, Gy, Xy) 
will denote a uniformizing system at y. 

2.1 Inertia orbifold 

Let \Y] be an orbifold. Let us consider the set 

Yi = {iy^ i.9)y) ■■ y ^Y, {.g)y C is a conjugacy class}, 

as usual we will denote by {g)y the conjugacy class of g G Gy. We 
want to define an orbifold [Yi] in such a way that there is a morphism 
[r] : [Yi] \Y] with continuous function r : Yi ^ F is given by: 
(y, {g)y) ^ y. This orbifold will be called the inertia orbifold. 



19 



20 



CHAPTER 2. ORBIFOLD COHOMOLOGY 



We introduce an equivalence relation on the set Yi. Let y G Y 
and let {Uy,Gy,Xy) be an uniformizing system at y For any 

y' EUy = Xy{Uy), let {Uyi, Gy', Xy') be a uniformizing system at y' such 
that Uy' C Uy. Then we have an embedding (v?, A) : {Uy',Gy',Xy') — ^ 
(?7y, Gy, Xy) with A : Gyi Gy injective, Remark 11.1.91 So, for any 
conjugacy class ((?%' C Gyi, we can associate the conjugacy class of 
X{g') in Gy, i.e. {X{g'))y C Gy. Notice that, the class {\{g'))y C 
does not depend on the chosen embedding, Proposition 11.1.71 In this 
situation, we say that {y',{g')y') is equivalent to {y, {X{g'))y). This 
generate an equivalence relation on Yi. 

Notation 2.1.1. We will denote by T the set of equivalence classes 
of Yi just described. Elements of T will be denoted by (g). For any 
(g) G T, the equivalence class (g) will be denoted by Y(c,). The class of 
{y, {l)y) G Yi will be denoted by (1), so Y(i) = Y. 



Lemma 2.1.2 ( [16j Lemma 3.1.1). For any (g) G T, the set Y(^g) has 
a topology and an orbifold structure [Y(^g)] which is given as follows: for 
any point {y, {g)y) G (Y'i)(g), an uniformizing system at {y, {g)y) is given 
by 

{U^,G{g),Xy\), 

where g is a representative of {g)y, is the fixed-point set of g in U , 
G{g) C Gy is the centralizer of g in Gy and Xy I denotes the restriction 
ofxy to 113. 

There is an orbifold morphism 

which locally is given by the inclusion Uy and the group injection 

Gig) ^ Gy. 

The orbifold structure [Yi] is defined to be the disjoint union of [Y^g)], 
as (g) varies in T, so that 

[Yi] = U [^(^)]- 

(9)eT 

There is a morphism [r] : [Yi] [Y] defined by requiring that its re- 
striction to [Y(^g)] is [T(g)]. 

Moreover, if [Y] is a complex orbifold, so is [Yi] and [r] : [Yi] [Y] 
is holomorphic. 
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Definition 2.1.3. Let [Y] be an orbifold. The inertia orbifold of [Y] 

is the orbifold [Yi] descrbed in Lemmo T^.l.^ 

For any (g) G T, (g) ^ (1), the orbifold [Y(^g)] is called a twisted 
sector. On the other hand the orbifold [Y(i)] is the nontwisted sector. 



Proposition 2.1.4. Let \Y] be an orbifold. Then, there is a morphism 

[I] ■■ [Yi] - [Yi] 

with continuous function / : Yi ^ Yi given by {y, {g)y) ^ {y, {g^^)y)- 
Lt is an involution, i.e. [/] o [/] = [id]. 

Proof. For any y eY and an uniformizing system at {Uy,Gy,Xy), 
we get the following uniformizing system for [Yi]: 

U ®iy)yCGM9), U ^^y)\^y 

y{g)yCGy {g)yCGy 

with the property that, ii g represents {g)y, then g~^ represents {g^^)y. 
Then, the restriction of [/] to this uniformizing system is given by 

C{g) ^ G(r'), h^h. 

□ 



2.2 Orbifold cohomology group 

As vector space, -f^o^felM) the cohomology of the inertia orbifold [Yi]. 
The grading takes the degree shifting of the elements of the local groups 
into account. 

We review now the definition of degree shifting. Let y G F be any 
point and let {Uy, Gy, Xy) be a uniformizing system at y (Definition 
I1.1.14p . The origin of Uy is fixed by the action of Gy, so we have an 
action of Gy on the tangent space of Uy aX We represent this action 
by a group homomorphism Ry : Gy ^ GL{d,C), where d = dimcY. 
For every g E Gy, Ry{g) can be written as a diagonal matrix ([^, 
Chapter 2, Proposition 3): 

Ry{g) = diag (exp(27rimi^g/mg), exp(27rimd,g/mg)) , 
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where nig is the order of Ry{g), and < nii^g < nig is an integer. Since 
this matrix depends only on the conjugacy class {g)y of g E Gy, we 
define a function t : Fi — Q by 

d 

^(y, i9)y) = 5^ T^T- 

1=1 ^ 

Lemma 2.2.1. For any (g) e T (see Notation \2.1.1\) . the function 
L : y(g) Q is constant on each connected component. 

Proof. From the definition of Y(g) (see Notation 12. l.ip . it follows that 
it is enough to prove the following statement. Let (y, {g)y), {y', {g')y') G 
Y(g) such that there exists an embedding (v^, A) : {Uyi,Gy',Xy') — * 
{Uy,Gy,Xy) which sends the origin Oy/ G Uy' to the origin 0^ G Uy, 
then L{y, {g)y) = L{y\ {g')y'). 

This follows from the fact that ip is A-equivariant, so the tangent 
map Tip : TQ^,Uyi T^^Uy is a morphism of representations. □ 

Definition 2.2.2. For any (g) G T, the degree shifting number of 

(g) is the locally constant function 

iiy, ig)y) : Y^g) Q. 

// Y'(g) is connected, we identify i{y, {g)y) with its value, and we will 
denote it also by t[g) . 



Remark 2.2.3. In the literature, the degree shifting number is also 
called the age. 

Remark 2.2.4. Note that, for any {y,{g)y) G Y(^g), exp(27rii(y, (g)y)) 
is the eigenvalue of the linear map 

detRy(g) : A'^C'^ ^ A'^C'^ 



Definition 2.2.5. For any integer p, the degree p orbifold cohomol- 
ogy group of[Y], Horbil^])) ^•^ defined as follows 

HU[y]) = ®i9)eTH^~'''^^{Y^g)\ 

where H*(Y(^g)) is the singular cohomology of Y^gj with complex coeffi- 
cients. The total orbifold cohomology group of [Y] is 

HU{y]) = ®pK,m)- 
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Remark 2.2.6. Note that is a priori rationally graded. It 

is integrally graded if and only if all the degree shifting numbers are 
half-integers. 

Remark 2.2.7. From Remark 12.2.41 it follows that the degree shiftings 
are integers if and only if the induced action of Gy on A'^Tq^Uq^ is 
trivial. This means that the canonical sheaf of the singular variety Y 
is locally free which implies (and indeed is equivalent to say) that Y is 
Gorenstein, see Definition 12.4.31 

Remark 2.2.8. The orbifold cohomology group = ©pi?orb([^]) 

can be split into even and odd parts, [2^ Definition 1.8. By definition 

and analogously for the odd part. In general this decomposition is not 
related with the even/odd decomposition given by the orbifold coho- 
mology grading. On the other hand, for Gorenstein orbifolds, the two 
gradings coincide. 

On the vector space H*^f^{[Y]) there is a complex valued pairing 
{,)orb which we will call the Poincare duality. 

Definition 2.2.9. Let [I] : [Fi] [Yi] be the holomorphic morphism 
defined in Proposition \2.1.4\ Then [I] sends [Y(^g)] to [Y(^g-i)]. The 
Poincare duality pairing is the following pairing 

(, U ■■ Km) X H'Zr'm) - C, forO<p< 2n, 
defined as the direct sum of 

where 

porb 

We recall here Proposition 3.3.1 of yjj. 
Proposition 2.2.10. The Poincare duality pairing is nondegenerate. 
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2.3 Orbifold cup product 

In this section we review the definition of orbifold cup product. It is 
an associative product on the total orbifold cohomology group, the 
resulting ring is the orbifold cohomology ring. 

For any positive integer k, consider the following set 

Yk = {{y, {g)y) ■■ y eY, g_ = {gi,..., gu), gi G Gy], 

where {g)y is the conjugacy class of g. Here, two /c-tuples {g^i \ ...,gl}^) 
and {g^\ ...,gf^) are conjugate if there exists g G Gy such that g^^^ = 
9 ■ 9i^^ ■ for till ^ = 1, k. 

We can define an equivalence relation on the set Yk as we did for 
Yi, see Notation 12. 1.11 The resulting set of equivalence classes will be 
denoted by T^. 

Lemma 2.3.1 (|T6| Lemma 4.1.1). For any (g) G Tk, let (Yk){g) be 
the corresponding equivalence class of Yk. Then, there is a topology 
and an orbifold structure [{Yk)(g)] over (Yk)[g) such that, for any point 
{y, {g)y) G (Yfe)(g), an uniformizing system at {y, {g)y) is given by 

{U^,G{g),Xy\), 

where g = [gi, ...,gk) is a representative of {g)y, Uy = Uy^ H ... fl U^'' , 
andC{g) = Gigi)n...nC{gk). 

We obtain an orbifold structure [Yk] defined as follows: 

[Yk] = U [%]• 

For any i = I, k, we have morphisms 

[e^] ■■ [Yk] - [Fl] 

that locally are given by: the topological inclusions Uy U-j' and the 
group injections C{g) — > G{gi). 

Moreover, if [Y] is a complex orbifold, so is [Yk] and each [cj] : 
[Yk] — > [Yi] is holomorphic. 

Definition 2.3.2. Let [Y] be an orbifold. For any positive integer k, 
the k-multisector of [Y] is the orbifold [Yk] constructed in Lemma 
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Consider the map o : Tk T induced by {gi, ...,gk) ^-^ gi ■ ... ■ gk- 
The set = o^^(l) is the subset of consisting of equivalence classes 
(g) such that g = {gi, gk) satisfies the condition gi ■ ... ■ gk = I. 

Notation 2.3.3. We will denote by the set 

U ' 

and similarly, by [y^°] the orbifold 

K] = U [%]• 

The definition of the orbifold cup product requires the construction 
of an obstruction bundle [-E(g)] over each component [Y(^g)] of [y3°]. We 
now review the definition of [-E(g)]. 

Let Y(^g) be a component of Y^, {y, {g)y) G Y(^g) be a point and 
{U^,C{g),Xy I) be a uniformizing system of [Y(g)] at {y, {g)y). 

If g = {gi,g2,g3) is a representative of {g)y, then g^ ■ g2 ■ gs = 1. So 
we have a morphism 

7ri(^2-{0,l,oo}) ^ Gy 

Here, 5*^ is the unit sphere in M'^, so 7ri(5'^ — {0, 1, oo}) is the free 
group generated by three elements 71,72,73 with the unique relation 
7i ■ 72 ■ 73 = 1- Geometrically, we can represent 71,72 and 73 as loops 
around 0, 1 and 00 respectively. 

There is a compact Riemann surface S and a projection vf : S — > S*^ 
which is a Galois covering, with Galois group the subgroup G of Gy 
generated by gi,g2,g3, branched over 0,1, cxd, see [2H| Appendix. In 
particular, the group G acts on the vector space H^(T,, Oj]). 

Then we define a vector bundle over JJ^ as follows: 

:= [h\J:,0^) ® {T^J I U'yY, (2.1) 

where 0*^ means the G-invariant part. Note that H^{T,,Oj]) ® iTjyJ \ 
U^ is a G-bundle, so {E(^g^)^a, is a vector bundle. See |2H], page 201, for 
further details. 

Let {ip,fi) : {U^,,G{g^),Xy' |) ^ {Uy,C{g),Xy |) be an embedding 
compatible with [^(g)]. Then we can suppose that it is induced by an 
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embedding (v?, A) : {Uy',Gy',Xy') {Uy,Gy,Xy) compatible with [Y]. 
Then, if G' denotes the subgroup of Gy' generated by g', X induces an 
isomorphism G' ^ G, where G is the subgroup of Gy generated by 
g. This induces an isomorphism S' ^ E which is compatible with the 
group actions, where E' — is the Galois covering associated to g'. 
So, we obtain an isomorphism 

(2.2) 

v' 



We have the following result. 

Proposition 2.3.4 ([16j ). The vector bundles given by ^2. 1]) . for any 

uniformizing system, and the isomorphisms ^2. ^) associated to any em- 
bedding of local uniformizing systems compatible with [Y(^g)], satisfies the 
conditions of Definition \1.4~^ So these data defines an orbifold vector 
bundle on [Y^]. 



Definition 2.3.5. The obstruction bundle for the orbifold cohomol- 



ogy of \Y] is the orbifold vector bundle defined in Proposition 2.3.4 



Notation 2.3.6. We will denote the obstruction bundle for the orbifold 
cohomology of [Y] by [E]. The restriction of [E] to the component [^(c,)], 
for any {g) G Tg , will be denoted by [-E(c,)]. 



Definition 2.3.7. Let [Y] be a complex orbifold such that Y is compact. 
For 7 G H*^,f^{[Y]), the 3-point function is defined as follows 



porb 

a,p,-f)orb= Yl / [ei]*« A [e2]*/?A [e3]*7 ACtop([E(^)]), 



where [cj] : [^(g)] — > [Yi], for i = 1,2,3, is the morphism defined in 
Lemma lETH 

The orbifold cup product of [Y] is the product on 

U^rb : HU[Y]) X HU[y]) - HU[Y]) 

{a, (3) f-> aUorbP 

where a Uorb P is defined by the following relation 

{a Uorb P, l)orb = {a, P, l)orb for any 7 E H*^.f,{[Y]). 
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Remark 2.3.8. The orbifold cup product can be defined also for an 
almost complex orbifold that is not compact. We will not recall the 
definition in this general case, it can be found in [I^, Definition 4.1.2. 

We will report in the following Theorem the most important prop- 
erties of the orbifold cup product. This is the main result of the paper 
see Theorem 4.1.5. Even if the Theorem holds for almost complex 
orbifolds which are not necessarily compact, we will present the result 
under stronger assumptions. 

Theorem 2.3.9. Let [Y] be a complex orbifold such that the underlying 
topological space Y is compact. Assume that [Y] has complex dimension 
dimc[Y] = d. The orbifold cup product preserves the orbifold grading, 
i.e. 



for any < p,q < 2d such that p + q < 2d, and has the following 
properties. 

Associativity. The orbifold cup product is associative and has a unity 

e[Y]. Moreover, e[y] e = and it coincides with 
the unity of the usual cup product ofY. 

Poincare duality. For any {a,p) E H^^.k{[Y]) x H^'^-p{[Y]), with < 
p < 2d, we have 



Deformation invariance. The orbifold cup product Uorb is invariant un- 
der deformations of the complex structure of [Y] . 

Supercommutativity. // [Y] is Gorenstein, the total orbifold cohomology 
is integrally graded, and we have supercommutativity 



Compatibility with the usual cup product. The restriction of Uorb to 
the cohomology of the nontwisted sector, i.e. H*{Y), is equal 
to the usual cup product ofY. 




■orb 
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2.4 Ruan's conjecture 

In this section we recall the statement of the cohomological crepant res- 
olution conjecture, given by Ruan in [52] . The conjecture gives a precise 
relation between the orbifold cohomology ring of a complex orbifold [Y] 
and the cohomology ring of a crepant resolution of singularities of Y, 
when such a resolution exists. 

Notation 2.4.1. In this section Y will be a complex algebraic variety. 
For an orbifold [Y], we mean a complex orbifold structure over the 
topological space Y, where Y has the strong (or complex) topology, see 
|i5] Chapter I, Section 10. 

2.4.1 Crepant resolutions 

We first recall the definition of Gorenstein variety, Gorenstein orbifold, 
and crepant resolution. For more details see IIH] and [HU] . 

Notation 2.4.2. For any normal variety Y, we will denote by Yq the 
smooth locus of Y and by / : Fq ^ ^ the inclusion. Then Ky will 
denote the sheaf UKy^, where Kyq is the canonical sheaf of Yq. 

Definition 2.4.3. Y is Gorenstein if it is Cohen- Macaulay and Ky 
is locally free. 

A Gorenstein orbifold is a complex orbifold structure [Y] over a 
Gorenstein variety Y . 

Definition 2.4.4. Let Y be a Gorenstein variety. A resolution of sin- 
gularities p : Z ^ Y is crepant if p*{Ky) = Kz. 

Remark 2.4.5. Crepant resolutions of Gorenstein varieties with quo- 
tient singularities are known to exists in dimension c? = 2, 3. 

In dimension d = 2 the following stronger result holds, ([HI, Chapter 
III, Theorem 6.2). 

Theorem 2.4.6. Every normal surface Y admits a unique crepant res- 
olution of singularities. 

In dimension = 3 the existence of a crepant resolution is proven 
in [HI], Main Theorem, pag. 493. However, in this case, the uniqueness 
result does not hold. 

In dimension d > A crepant resolution exists only in rather special 
cases. 
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Example 2.4.7. {Hilbert scheme of points on surfaces). An important 
class of examples for which a crepant resolution always exists, is the 
symmetric product of a compact complex surface S. 

Let 5" be a compact complex surface. The r-th symmetric product 
of 5* is the quotient of 5* x ... x 5", r-times, by the symmetric group 
&r acting by permutation. We will denote this quotient by S^'^\ Note 
that S^^^ is a variety of dimension 2r with quotient singularities. Now, 
let S^^^ be the Hilbert scheme parametrizing r-points in S. Then, there 
is a morphism p : S'M S'^^'^ which is a crepant resolution. See [7], 
Section 6, for a review. 

Example 2.4.8. {Symplectic quotient singularities). Let be a fi- 
nite dimensional complex vector space equipped with a non degenerate 
symplectic form. Let G C Sp{V) be a finite subgroup of the group 
Sp{V) of symplectic automorphisms. The quotient V/G has a natu- 
ral structure of irreducible affine algebraic variety with coordinate ring 
C[V"/G'] = C[\^]*^, the subalgebra of G-invariants polynomials on V. 
Moreover the variety V/G is Gorenstein (j^j, Proposition 2.4). 

There are strong necessary conditions on G in order for V/ G to have 
a crepant resolution (|nH|, Theorem 1.2). Moreover there are examples 
of G that do not match these conditions, |S2| Theorem 1.1. 

2.4.2 Quantum corrections 

We review the definition of quantum corrected cohomology ring given 
by Ruan in [52] . 

Notation 2.4.9. In this section Y will be a Gorenstein projective al- 
gebraic variety. So, for any crepant resolution p : Z Y Z will be a 
nonsingular projective algebraic variety. 

Let \Y] be a Gorenstein orbifold and let p : Z — > F be a crepant 
resolution. Consider the group homomorphism 

p,:H2{Z,q)^H2{Y,q) (2.3) 

induced by p. Choose a basis of Ker C H2{Z,Q) which 

consists of homology classes of rational curves. We will call ...,/?„ an 
integral basis of Ker p^. Then, the homology class of any effective curve 
that is contracted by p can be written in a unique way as F = '^iPh 
for ai > 0. 

For each Pi, we assign a formal variable qi. Then F corresponds to 
' ' ' Qn"- E)efine the quantum corrected 3 -point function as 

(7i,72,73),c(gi,...,gn) := Yl ^^(7i,72,73)gr ■ ■ -g?, (2.4) 

ai,...,a„>0 
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where 71,72,73 G H*{Z) are cohomology classes, T = J2^=i^iPh cincl 
\l/p (71, 72, 73) is the genus zero Gromov-Witten invariant, see (I5.H1 for 
the definition. 

Notation 2.4.10. We assume that the quantum corrected 3-point 
function is represented by an analytic function in the variables gi, g„ 
in some region of the complex space C". We will denote this function 
by (71, 72, 73)gc(Q'i, ■■■,<ln)- In the following, when we valuate this func- 
tion on particular values of the g^'s, we will implicitly understand that 
the analytic function is defined on such values. 

We now define a family of rings H*{Z){qi, ...,qn) depending on the 
parameters gi, g„, where gi, g„ belong to the domain of definition 
of the quantum corrected 3-point function. 

Definition 2.4.11. The quantum corrected triple intersection (71, 72, 73)50(^1, Qn) 
is defined as follows 

(71, 72, 73)p(gi, •-, Qn) = (71, 72, 73) + (71, 72, 73)<7c(gi, •-, Qn), 

where (71,72,73) := /^7iU72U73. The quantum corrected cup product 
7i *p 72 is defined by the equation 

ill *p 72, 7) = (71, 72, l)p{qU •-, Qn) 

for arbitrary 7 G H*{Z), where (71,72) := /^7i U 72. 

Remark 2.4.12. Note that the quantum corrected cup product is a 
family of products on H*{Z) depending on the parameters gi,...,g„. 
These parameters belong to the domain of definition of the quantum 
corrected 3-point function (71, 72, 73)gc(gi, gn)- 

Remark 2.4.13. Our definition of quantum corrected triple intersec- 
tion and of quantum corrected cup product is slightly more general 
than that given by Ruan in |52| . We can recover the definition given 
by Ruan by giving to the parameters the value gi = ... = g„ = — 1, pro- 
vided that this point belongs to the domain of the quantum corrected 
3-point function. 



Theorem 2.4.14. For any (gi,...,gn) belonging to the domain of the 
quantum corrected 3-point function, the quantum corrected cup product 
*p satisfies the following properties. 
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Associativity. It is an associative product on H*{Z), moreover it has an 
identity which coincides with the identity of the usual cup product 
ofZ. 

Supercommutativity. It is supercommutative, that is 

71 *p72 = (-l)'^^ ^^■''^^^^72*p7i 
for any 71,72 G II*{Z). 
Homogeneity. For any 71,72 G II*{Z), the following equality holds 

deg (71 *p 72) = deg 71 + deg 72. 



For any {qi, qn) as before, the resulting ring structure on H*{Z) given 
by *p, will be denoted by if*(Z)(gi, 

Proof. Notice that the definition of the quantum corrected cup prod- 
uct, *p, is analogous to the definition of the small quantum product for 
a smooth projective algebraic variety Z, as given for example in 
Definition 8.1.1. (see also [111, Proposition 8.1.6.). The only difference 
is in the set to which the effective curves belong. Indeed, for the small 
quantum product, the quantum corrected 3-point function is defined as 
a sum over all the effective curves in Z. In our definition, we take into 
account only effective curves that are contracted by p. 

Let B C Il2{Z, Z)/tor be the set of homology classes P of effective 
curves in Z such that p*(/5) = 0, where p^: is defined in (|2.3|) . Then, 
from Lemma l2.4.15l below it follows that the proof of associativity and 
supercommutativity is the same proof of Theorem 8.1.4. in p!9j with 
Il2{Z, Z) replaced by B. 

To prove the homogeneity property, notice that, for any /? G -B, the 
following equality holds 

/ ci{Kz) = 0. 

Then, apply Proposition 8.1.5., jTHI. □ 

Lemma 2.4.15. Let B C Il2{Z,Z)/tor be the set of homology classes 
P of effective curves in Z such that p*{[3) = 0, where p* is defined in 
^2.,^} . Then B satisfies the following properties: 

• B is a semigroup under addition and contains the zero of H2{Z, Z)/tor; 

• for any (3 E B , if P = ai + a2 with ai,a2 G Il2{Z,Z)/tor, then 
«!, a2 G B. 
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Proof. The first condition is clear. So, we prove the second. 
Let /? = ai + ^2 G -B, with ai,a2 G -^2(^5 ^)/tor. Then 

= p*(/9) = p*(ai) + p*(a2)- 

But, p*(a;i) and p*(a2) are homology classes of effective curves in Y, 
and since Y is assumed to be projective (Notation I2.4.9|) . p*(q;i) = 
P*(«2) = 0. 

To see this, take any very ample line bundle L on Y. Then Ci(L) > 

for any i = 1,2. Since = 0, it follows that ^^^^ Ci(L) = 

f I . Ci(L) = 0. This implies that p*(q;i) = p*(a;2) =0. □ 

2.4.3 The conjecture 

We review the statement of the cohomological crepant resolution con- 
jecture. 

We use the same notations of the previous section. 

The quantum corrected cohomology ring of Z is the ring obtained 
from H*{Z){qi, g„) by giving to the variables qi, g„ the same value 
— 1. It will be denoted by H*{Z), so 

H;iZ) = H*iZ)i-l,...,-l). 



Conjecture 2.4.16 {Euan, The rings H*{Z) and Hl^^{\Y]) are 

isomorphic. 



Remark 2.4.17. The conjecture has been proved in the following cases: 

1. for F = S'^'^\ be the symmetric product of a compact complex 
surface S", and Z = S'^^^ be the Hilbert scheme of two points in S", 
in [Ml; 

2. for Y = S^^\ be the symmetric product of a complex projective 
surface S with trivial canonical bundle Ks = Os, and Z = S^"^^ 
be the Hilbert scheme of r points in S, in [2H1, Theorem 3.10; 

3. for Y = V/G he the quotient of a symplectic vector space of finite 
dimension by a finite group of symplectic automorphisms, and Z 
is a crepant resolution, when it does exists, in |321, Theorem 1.2. 
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Note that in cases 2 and 3, the crepant resolution Z has a holomorphic 
symplectic form, so the Gromov-Witten invariants vanish and there are 
no quantum corrections. This means that the orbifold cohomology ring 
is isomorphic to the ordinary cohomology ring of Z. 

Remark 2.4.18. The aim of this thesis is to verify this conjecture for 
orbifolds with transversal ADE'-singularities, see Definition 13.2.51 We 
will prove the conjecture in the case of transversal Ai-singularities in 
Chapter 6.1 and for transversal A2-singularities with minor modifica- 
tions. Indeed, in this case, the quantum corrected 3-point function can 
not be evaluated in gi = g2 = — 1- However, we will show that by giv- 
ing to qi and q2 other values (which we have found), the resulting ring 
H*{Z){qi,q2) is isomorphic to the orbifold cohomology ring 
This is the content of Theorem 16.2.41 
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Chapter 3 



Orbifolds with transversal 
AL)£'-singularities 

In this Chapter we define orbifolds with transversal ADii^-singularities. 
We describe the inertia orbifold in terms of the monodromy , which we 
introduce in Section 4. Finally, we compute the orbifold cohomology 
ring of orbifolds with transversal ^-singularities and trivial monodromy. 

Orbifolds with transversal ADi^-singularities are generalizations of 
orbifolds associated to quotient surface singularities which are Goren- 
stein, also called rational double points. So, in the first section we recall 
the definition of such surface singularities and collect some properties. 

3.1 Rational double points 

Let G C 5'L(2, C) be a finite subgroup, G ^ {1}. The inclusion G C 
SL{2,C) induces an action of G on C^. This action has G as 
the only fixed point, and is free on C^\{0}. The quotient C^/G has a 
structure of algebraic variety whose ring of regular functions is C[u, v]'^, 
the subring of the polynomial ring C[m, w] consisting of functions which 
are invariants under the action of G. Moreover, such quotient can 
be represented as an hypersurface R in passing through the origin 
G and with G as the only singular point ([211, Chapter 5, 
Section 40). 

Definition 3.1.1. A rational double point is the germ of a surface 
singularity R C which can be obtained as a quotient C^/G o/C^ by 
a finite subgroup G of SL{2, C). 

Remark 3.1.2. Rational double points are Gorenstein, see Example 

EZHl 
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The finite subgroups of SL{2, C) can be classified in the following 
way. There is a group homomorphism SL{2, C) PGL{2, C) which is 
onto and two-to-one. Then, the finite subgroups of SL{2, C) are inverse 
images of finite subgroups of PGL{2, C). 

By identifying the sphere S'^ with the complex projective line P^, we 
can see that the symmetry groups of the five regular polyhedra are finite 
subgroups of PGL{2, C). These groups are called the polyhedral groups. 
Now, since the cube and the dodecahedron are duals respectively to 
the octahedron and icosahedron, their symmety groups are isomorphic 
f[26]. Chapter 2, Section 8). So, the symmety groups of the regular 
polyhedra provides three finite subgroups of PGL{2, C). 

The classification of finite subgroups of PGL{2, C) is given by the 
following theorem. The proof and other details can be found in 
Chapter 2, Section 10. 

Theorem 3.1.3. Any finite subgroup of PGL{2,C) is conjugate to one 
of the following subgroups: the symmetry group of the tetrahedron, Eq, 
of order 12; the symmetry group of the octahedron, E-j, of order 24; the 
symmetry group of the icosahedron, Es, of order 60; the dihedral group, 
Dn for n> 4:, of order 4(n — 2); the cyclic group, An, of order n + 1. 

To this classification of the finite subgroups of S'L(2, C), corresponds 
a classification of rational double points. We report now the classifica- 
tion of rational double points as hypersurfaces in with coordinate 
{x,y,z). In the left column we report the group, while in the right the 
equation of the corresponding singularity. 



A„ 



+ y'^z + z"-~ 
+ + z^ 
+ + yz^ 
x^ + + z^ 




for n > 1 
for n > 4 



Eg 
Eg 



(3.1) 



This is proved in j^, Chapter 5, Section 39. 



Remark 3.1.4. It can be proved that rational double points are the 
only rational surface singularities. For more details on this and on other 
characterizations of rational double points, see |2S1- 



Remark 3.1.5. (Resolution graph). As pointed out in Remark l2.4.5[ 
for any rational double point R, there exists a unique crepant resolution 
p : R ^ R ([S], Chapter III, Theorem 6.2). The exceptional locus of p 
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is the union of rational curves Ci, ...,C„ with selfintersection numbers 
equal to —2. Moreover, it is possible to associate a graph to the col- 
lection of these curves in the following way: there is a vertex for any 
irreducible component of the exceptional locus; two vertices are joined 
by an edge if and only if the corresponding components have non zero 
intersection. The list of the graphs obtained by resolving rational dou- 
ble points is given in Table 1, and in 0, Chapter III, Proposition 
3.6. Each of this graph is called resolution graph of the corresponding 
rational double point. 

Remark 3.1.6. (McKay correspondence). McKay observed that the 
resolution graph of a rational double point can be recovered from the 
representation theory of the corresponding subgroup G C SL{2, C) |1T] . 
see also fSOl- 




Let G C S'L(2,C) be a finite subgroup and Q = he the repre- 
sentation induced by the inclusion G C S'L(2,C). Let po, •••,Pm be the 
irreducible representations of G, with po being the trivial one. Then, 
for any j = 1, m we can decompose Q Pj as follows 

Q® Pj = ®T=oO'ijPh ^ij = dimcHomG(pi, Q ® pj). 

The McKay graph of G C SL{2, C) is the graph with one vertex for any 
irreducible representation, two vertices are joined by arrows. This 
graph is denoted by To- 

The following theorem holds, j^, see also [20] Theorem 1.19. 

Theorem 3.1.7. The McKay graph To is an extended Dynkin graph 
of ADE type. Moreover the subgraph Vq consisting of nontrivial repre- 
sentations is the resolution graph of the corresponding rational double 
point. 



Convention 3.2.1. All the varieties are defined over the field C of 
complex numbers. By an open subset of a variety we mean open in the 
strong topology, (see IIH], Chapter I, Section 10 for the definition). We 
will specify when we use a Zariski-open subset. 

Notation 3.2.2. From now on, R will denote a surface in defined 
by one of the equations (jSHl), i-e. a surface with a rational double point 
at the origin G C^. The crepant resolution of R will be denoted by 




3.2 Definition 



R. 
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Let F be a projective variety over C. We say that Y has transversal 
AD E -singularities if the singular locus S" of y is connected, smooth, 
and the couple {S, Y) is locally isomorphic to (C'' x {0}, C'' x R). 

Remark 3.2.3. Let F be a 3-fold with canonical singularities. Then, 
with the exception of at most a finite number of points, every point in 
Y has an open neighbourhood which is nonsingular or isomorphic to 
C X i?, gg. Corollary 1.14. 

The following Proposition is a particular case of the fact that ev- 
ery complex variety with quotient singularities has a unique reduced 
orbifold structure, (HEl, Theorem 1.3. 

Proposition 3.2.4. LetY be a variety with transversal AD E -singularities. 
Then there is a unique reduced complex holomorphic orbifold structure 
[Y] on Y. 

Proof. The surface R is isomorphic to the quotient of by the action 
of a finite subgroup G of SL{2, C). 

For each point yEY,ify&Y — S,we can take Uy = Uy = C^^"^ and 
Gy = {1}, otherwise y has a uniformized neighbourhood Uy = C'' x R 
with uniformizing system {Uy = C'' x C'^,Gy = G,Xy), where Gy acts 
trivially on the first factor of C'^ x C^, while the action on the second 
factor is induced by the inclusion Gy C SL{2,C). Then one can see 
that these charts patch together to give an orbifold structure [Y] over 
Y. 

The uniqueness of the orbifold structure follows from [HEl, Theorem 
1.3. □ 

Definition 3.2.5. An orbifold with transversal AD E -singularities 

is the reduced orbifold [Y] associated to a variety Y with transversal 
AD E -singularities. 

Remark 3.2.6. An orbifold with transversal ADi?-singularities is Goren- 
stein. This follows from the fact that rational double points are Goren- 
stein. 

3.3 Inertia orbifold and monodromy 

We describe the inertia orbifold for orbifolds with transversal ADE- 
singularities. We will use the same notation introduced in Section 1 of 
Chapter 2, in particular Notation 12. 1.11 
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Notation 3.3.1. By a topological covering we mean a covering space 
as defined in 110], Chapter 5, Section 2, with the diff'erence that we 
don't require the connectedness. 

Let p : X ^ X he a topological covering. For any point x E X, the 
fundamental group vri(X, x) of X in a; acts on the fiber p~^{x) as defined 
in |4n| Chapter 5 Section 7. We will call this action the monodromy of 
the covering. 

Lemma 3.3.2. Let [Y] be an orbifold with transversal AD E -singularities, 
and let 

yi ■■= U ^(^)- 

(5)6^,(9)^(1) 

Then, the restriction of t : Yi ^ Y to Yi is a topological covering 

f:Yi^ S 

and the connected components of Yi are the topological spaces Y^^) of 
the twisted sectors [Y(^g)]. 

Proof. Consider the following open cover of S, {Uy H S : y E S}. 
Then 

f-\Uyns)= □ u^, 

moreover, the restriction of f to U-j is an homeomorphism for every 
{g)y C Gy such that {g)y ^ (l)y. □ 

We describe now the monodromy of f : Yi ^ 5* explicitly. 

Notation 3.3.3. For any y E S, the fiber T^^{y) is the set of conjugacy 
classes of Gy. We will denote it by Ty. 

Let y E S he a fixed point of S, {Uy, Gy, Xy) he a uniformizing 
system at y and Uy = XyiPy). 

For any y' E Uy H S such that Uyi C Uy there is an embedding 
(V5, A) : {Uy',Gy>,Xy') {Uy,Gy,Xy), morcovcr A : — > Gy is an 
isomorphism. So, using A, we get a bijective correspondence Tyi Ty 
given by {gYy t-^ {^{g))yi where {gYy E Tyi and g in a representative 
of {g)'y. If : {Uyi,Gy>,Xy') {Uy,Gy,Xy) is another embedding, 
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then jj, = g ■ \ ■ g'^ for some g E Gy (Proposition II . 1 .Tjl . so the corre- 
spondence Ty' Ty does not depends on the chosen embedding. 

Let [a] G vri(S', y) be a class of a loop a based on y. Choose a finite 
number of points y = yo, yi, ...,yk, yu+i = ?/ in a such that the sets Uy- 
form a cover of a. The previous argument gives bijective maps Ty-^^ 
Ty. for any i G {0, k}. The composition of these maps is a bijection 
Ty Ty, i.e. an element of the group Aut(Ty) of automorphisms of 
Ty. The bijection associated to a depends only on the homotopy class 
of a and the resulting map 

7ri(5,y) ^ Aut(Ty) (3.2) 

is a group homomorphism. 

Let ?/i G S* be another point and 7 a curve from yi to y. Let 

vr^ : Tri{S,y) Tri{S,yi) 

be the homomorphism: [a] 1— *• [7~^-q;-7]. In the same way we defined the 
homomorphism ()3.2|1 . we can define a correspondence: T^ : Ty ^ Ty-^. 
We have a group homomorphism 

A^ : Aut(Tj^) ^ Aut{Ty^) 

defined as follows: a T^oao T~^. It is easy to see that the following 
diagram is commutative, 

m{S,y) Aut(T,) 
■^1 A~, (3.3) 

vri(^,yi) — ^ Aut(Tj^J. 



Definition 3.3.4. Let [y] he an orbifold with transversal AD E -singularities, 
and let y G S. The monodromy of [Y] in y is the group homomor- 
phism and we will denote it as follows: 

my : 7iiiS,y) ^ Aut(Ty). 



Lemma 3.3.5. For any y E S, the following map is a bijection 
Ty/iTi{S,y) -> T 



i9\ 



(y, i9)^ 



where Ty/ni{S,y) is the quotient set ofTy by the action ofni{S,y) given 
by the monodromy, T is the set defined in Nota,tion \2.1.1\ 
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Proof. This follows from the fact that, for any path connected topo- 
logical covering p : X ^ X and any x & X, the action of Tri{X,x) on 
the fiber p~^{x) is transitive. Notice that the restriction off to Y(p) is 
a path connected topological covering of S for all {g) e T. □ 

By definition the monodromy of \Y] in y is a representation of 
Tri{S,y) on the set Ty of conjugacy classes of Gy. Identifying every 
conjugacy class with its characteristic function we get a representation 
of 7ri(5', y) on the vector space of class functions on Gy, where as usual 
a class function is a complex valued function on G that is constant on 
each conjugacy class. According to the following Proposition, the set of 
class functions on Gy which are characters of irreducible representations 
of Gy is invariant under the action of 7ri(5', y). 

Proposition 3.3.6. The set of characters of irreducible representations 
of Gy is invariant under the action of the monodromy my on the vector 
space of class functions on Gy. 

Under the identification of any irreducible representation with its 
character we have that the image of my is a subgroup of the group of 
automorphisms of the graph • 

Proof. Let y & S, {Ify, Gy, Xy) be a uniformizing system at y and 
Uy = Xy{Uy). For any y' E Uy D S such that Uy^ (Z Uy (1 S there is an 
embedding {<f,X) : {Uy' ,Gyi ,Xy') — ^ {Uy,Gy,Xy)- Moreover A : Gyi 
Gy is an isomorphism. We obtain a map which sends a representation 
of Gy to a representation of Gyi as follows. Let t : Gy ^ GL{y) be 
a linear representation of Gy, then r o A : Gyi — > GLiV) is a linear 
representation of Gyi . 

This map has the following properties: 1. is bijective; 2. the char- 
acter of r o A is the composition of the character of r with A; 3. sends 
isomorphic representations of Gy in isomorphic representations oiGyi; 
4. sends irreducible representations of Gy in irreducible representations 
of Gyi; 5. is compatible with the tensor product of two representations, 
that is (ti (g) r2 ) o A = ri o A C?) r2 o A ; 6 . sends the representation of Gy on 
N^-^Gy „ in the representation of Gyi in N .a , . . Where N^-,Gy „ 

(resp. N ,Gyi - ) is the fiber at the origin e f/^ (resp. Q E Uyi) of 

the normal vector bundle of Uy^ in Uy (resp. of Uy/ in Uyi). The last 
assertion is proved as follows. The tangent map 

induces a linear map 

N.G I - >■ N.--Gy If, „ 

C///C/„,,0 Uy" IVy<d 

yi I y ' 
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such that the following diagram commutes for any g' G Gyf 



(3.4) 

N ^^^'^ N 



If (V'j/u) : {Uyi ,Gyi ,Xy') iUy,Gy,Xy) auothcr embedding, then 
fj, = g ■ \ ■ g~^, for some g G Gy, Proposition 11.1 .71 So, for any repre- 
sentation of Gy, the representations of Gyf obtained using A and /i are 
isomorphic. 

The previous arguments shows that we have a map from the set of 
isomorphism classes of representations of Gy to the set of isomorphism 
classes of representations of Gy' that satisfies properties 1., 2., 4., 5., 6. 
as before. We will denote with n„ the class of N-Oy ^ and by n^/ the 

" Uy /Uy,0 f 

class of N^G I - 

The first assertion follows from property 2. To show the second 
claim, let ti, ...,rn, be the classes of irreducible representations of Gy, 
and let r/, ...,rm' the classes of irreducible representations of Gyi. Sup- 
pose that the correspondence sends ti to r/. Let r\.y®X\ = Y^- ajitj, and 
ny> (g) r/ = J2j o-'ji^)- Then 

A o (rij, (g) ti) = ^ ajiX o tj 
j 

3 

on the other hand, 

\o {yiy® ti) = (A o n^) (8 (A o ti) = nyi ® xl. 
So, aji = a'jj^ for all □ 

Remark 3.3.7. For G = A^, n > 1, Dn n > 4, Eq, Ej, Eq (see Theo- 
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rem l3.1.;^ . the automorphism group of Tg is given as follows: 



G 




Aut(rG) 






{1} 


An 


n>2 


Z2 






©3 


Dn 


n > 5 


Z2 






Z2 


E-r 




{1} 


Eg 




{1} 



where we have written on the left side the group G, and on the right 

Aut(rG). 

The previous considerations give constraints on the topology of the 
spaces Y(^g) for (g) G T. The following Corollary is an easy consequence 
of Proposition 13.3.61 and Remark [3.3.71 

Corollary 3.3.8. Let [Y] be an orbifold with transversal singularities 
of type Ai, Ej or Eg, then, for any (g) 7^ (1), the topological space Y(g) 
is isomorphic to S. 

Let [Y] be an orbifold with transversal singularities of type An, for 
n > 2, or Dn, for n > 5, then, for any (g) 7^ (1), the topological 
space Y(g) is isomorphic to S if the monodromy is trivial, it is a double 
covering of S if the monodromy is not trivial. 

Remark 3.3.9. Notice that, the twisted sectors \Y(^g)\ of \Y] depends 
only on a neighbourhood of S in Y . Indeed, let f/ C F be an open neigh- 
bourhood of S* in F, f/ is a variety with transversal y4D_E-singularities. 
Then, the twisted sectors of \U] are canonically isomorphic to 

So, 

We describe now the inertia orbifold for an orbifold with transversal 
A„-singularities. We first study the case in which the monodromy is 
trivial. 

Remark 3.3.10. Let [Y] be an orbifold with transversal ^^-singularities 
and trivial monodromy. Then we can identify all the local groups Gy, 
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for y E S, with the group of (n + l)-th roots of unity fin+i in a canon- 
ical way. Indeed, for any y & S, consider the representation of Gy on 
the normal space N-Cy , - of Uy^ in Uy over the point 0„ G Uy. It 

Uy /Uy,Uy ■ 

decomposes as direct sum of two representations 

^U^y/Uyfiy - {^U^VUy,Oy) ^ {^U^^Uyfiy) ' 

where ( N-Oy ^ \ (resp. ( N-Oy , - ) is given by the character 

V Uy"/Uy,OyJ ^ ^ ^ Uy " / Uy ,0y J ' 

%y (resp. Notice that 

02/) '■ ^ A^n+l 

are group isomorphisms, so we can identify Gy with /i„+i using or 
g~^. Since the monodromy is trivial, we can choose isomorphisms 

%y : Gy fJ'n + l 

such that the following diagram commutes for any y' & S with Uy' C Uy 
and any embedding (0, A) : {tjyi ,Gy' ,Xy') {Uy,Gy,Xy), 

Gy' > Gy 

Sy' Sy 
^ A'n+l- 



Proposition 3.3.11. Let [Y] be an orbifold with transversal An-singularities 
and trivial monodromy. Then, 

[Yi] = [y] U 

where the action of /i„+i on S is the trivial one. 

Proof. Since the monodromy is trivial we can identify all the twisted 
sectors with S, see Corollary I3.3.8[ moreover we identify the local 
groups Gy with fin+i, for all y E S, as explained in Remark l3 .3.101 
These identifications give the isomorphism. □ 

Assume that the monodromy is not trivial. So, if y , we have a 
surjective homomorphism 



mj, : 7ri(^,y) ^ Aut(rAj 



(3.5) 
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where Aut(rAn) is the cyclic group of order two. Let U (Z Y he a tubular 
neighbourhood of in F, then (I3.5jl gives a topological covering 

p:U (3.6) 

with monodromy xriy. The topological space U has a structure of variety 
with transversal ^^-singularities such that the orbifold [U] has trivial 
monodromy. 

The orbifold structure [U] can be described as follows. Let Uy C U 
ba an open set such that p~^{Uy) = V1UV2, where U means disjoint 
union and the restrictions of p to Vi and V2 are homeomorphisms. Then 
we choose uniformizing systems for Vi and V2 as follows: (Vi, Gi, Xi) is 
{Uy, Gy, Xy), (^2, G2, X2) is {Uy, Gy, Xy) tut thc actlou of Gy is given as 
follows 

g ■ z := ■ z, for g E Gy, z E Uy. 

These considerations lead to the following description of the twisted 
sectors \Y(^g)]. Let {g) E T such that {g) 7^ (1), then 

yi9) = {U^9) ^ U,.^9)) /Aut(rAj, 

where the element {g) on the left side is meant in the set T relative to 
[Y], instead, {g) on the right side is the class of a representative g of 
{g) in the set T relative to [U], the action of Aut(rAn) is given by 

e-{z,{g),) = {e-z,e-{g),.,). (3.7) 

The previous considerations are summarised in the following result. 

Proposition 3.3.12. Let [Y] be an orbifold with transversal An-singularities 
and nan trivial monodromy. Then, 

m = [Y] u [^(^)]' 

where T = r^^/Aut(rAn) and 

Yi9) = {Ui9) U UiH9))) /Aut(rAj 
as topological spaces, where the action o/Aut(rA„) is defined in ( 1,9. ?)) . 
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3.4 Orbifold cohomology ring 

We describe now the orbifold cohomology ring of an orbifold [Y] with 
transversal ^^-singularities. We first study the case where the mon- 
odromy is trivial. 

Convention 3.4.1. If the monodromy is trivial, we identify in a con- 
sistent way Gy with fin+i for a\\ y E S as explained in Reamrk KIH.IOI 
We also identify fin+i with the group Z„+i of integers modulo n + 1 via 
the morphism: 

27ri \ 

a e Zn+i ^^ exp — —a . 

Vn + 1 J 

Then, gi,g2 and in correspond respectively to ai,a2 and in 
^n+i- We denote by a the vector (ai, a2, as). 



Lemma 3.4.2. For any y E S , let {Uy, Gy, Xy) be a uniformizing system 
of [Y] at y. Then, the normal vector bundles 

^u^VUy^^y' for yes, 

define an orbifold vector bundle [N] over [S/'Ln+i] of rank two, where 
the action of I^n+i on S is the trivial one. 

If n > 2 and the monodromy is trivial, [N] is isomorphic to the 
direct sum of two orbifold vector bundles, [N]^ and [N]^ , of rank one, 
that is 

[N] = [N]^®[N]^'\ 

Proof. Let y E S, and let {Uy, Gy, Xy) be a uniformizing system for 
\Y] at y. Then {Uy ^ ,Gy,Xy |) is a uniformizing system for [S/Zn+i] at 
y, where Xy I denotes the restriction of sXUy'" . Moreover, let y' E S 
and {Uyi ,Gy' ,Xy') be a uniformizing system at y' such that Xy{Uy) C 
Xy'{Uy'). Then, any embedding {ip,\) : {Uy,Gy,Xy) {Uy',Gy>,Xy') 
compatible with \Y] induces an embedding {(p |, A) : {Uy ^ ,Gy,Xy |) 

{Uyi^ ,Gy',Xy' I) compatible with [S/Zn+i]. In this way, the orbifold 
[Y] induces an orbifold structure on S, which coincides with [S/Zn+i]- 
For any uniformizing system {Uy ^ ,Gy,Xy |), we define 
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For any embedding (v? |, A) : (Uy \Gy, Xy I) ^ {Uy/,Gy', Xy' I), we get 
an isomorj 

morphism 



an isomorphism N-Oy >~p TiV.G , which is induced by the tangent 

V 



These data define [A^] . 

Assume now that the monodromy is trivial and identify with 
Gy for all y E S. Notice that acts on A^-z„+i . So, 

Uy 

iV^.„.. = (iV^z„,,)'©(Ar-z„,,)'\ (3.8) 

where g : Z„+i C* is the character a i— ^ exp(^^), is the dual of 

g, and (^N^z^^^^ (resp. (^N^z„_^_i^ ) is the subbundle of A^^z„+i on 
which Z„+i acts by the character g (resp. Q~^). Since the monodromy 

is trivial, the line bundles (^N^z^^^^ (resp. (^N^z„+i^ ) define the 
orbifold vector bundle [A^]^ (resp. [A^]^ ^). □ 



Lemma 3.4.3. Let n > 2 and assume that the monodromy is trivial. 
Consider the natural morphism of orbifolds 

[5/Z„+i] ^ [S], (3.9) 

where the orbifold [S] is the variety S, see Example ll.2.11 Then, there 
are line bundles L, M and on S" which are defined by the following 
condition: the pull-back of L, M and K under (|3.9jl are respectively 
the line bundles ([A^]s'')^"+\ ([Ar]9)®"+i ^^p-i ^ 

Proof. We prove the statement about [A^]^ ^ and L, the others are 
similar. Let {{Ui,Gi,Xi)}i<^i be a set of uniformizing systems for [Y] 
such that {{Ui fl S,Gi,Xi is an orbifold atlas. We can assume 

that, for any i,j G /, we have isomorphisms 



Uj.ns 



On triple intersections Uijk H S, the isomorphisms gjk o gij differ from 
^fjfc by the action of an element of the group. So, 

yjjfc ° iJij — iJik ■ 

This proves the claim. □ 
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Theorem 3.4.4. Let [Y] be an orbifold with transversal An-singularities. 
Assume that the monodromy is trivial. Then we have the following 
identification of vector spaces 

for all p. The orbifold cup product is given as follows, for a G H*{Y(^ai)) 
and P e H*(Y^a2))-' 

L a Uorb P = aU P e H*{Y) if ai = a2 = 

2. a UorbP = a U i*{p) e H*{Y^a,)) if ai ^ 0, aa = 

3. a Uorb P = U P) e H*{Y) if ai ^ 0, a2 = a^^ 

I a Uorb P = ji^a UpU Ci(L) G H*{Y^a^+a2)) «i ^ 0, ^2 ^ 0, 
Oi + 02 < n + 1 in Z 

5. aUorbP = j^aUPUci{M) G H* (Y^a.+a^-n+i)) ifai ^0,a2^ 0, 
ai + a2 > n + 1 in Z, 

where L and M are the line bundles defined in Lemma \3.4-3l i : S 
Y is the inclusion of the singular locus in Y , and U is the ordinary cup 
product ofY. 

Note that, since [Y] is Gorenstein, Uorb is supercommutative, see 
Theorem. Win\ 

Proof. The orbifold vector bundles [£"(0,)] have rank if ai = 0, 02 = 
or 03 = 0. This follows e.g. from f^, Lemma 1.12, where a relation 
between the rank of [-E(a)] and the degree shifting numbers of ai, 02 and 
03 is proved. 

Let y & S and a = (ai, 02, 03) 7^ (0, 0, 0). By definition (see equation 
12.111 we have 

iEia))u- ■= {h\^, O^) ® (T^J I U^y, 

where G C Z„+i is the subgroup generated by 01,02,03, S is 
the Galois cover with Galois group G branched over 0, 1, 00 G and 
monodromy respectively Oi, 02, 03. 

We first notice that we can replace (T^ ) | with the normal 
bundle Nfjajfj^. Then, we can replace S with the Galois cover C — > P^, 
induced by the inclusion G C which has Galois group So 

we have: 

{E^))^a_ - [h\C, Oc) ® iV^f/i/J^"" • 
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Note that p : C — > is an abelian cover in the sense of so 



where l^n+i the group of characters of Z„+i and Z„+i acts on (L 
via the character c. Note that the characters g and defined in 
Lemma 13.4.21 are generators of 1^n+i- 

Using the fact H^{C,Oc) = H^(F^,p*Oc) and the decomposition 
(j3.8jl . we have 



3 



By Proposition 2.1 and in particular by example 2.1 i) of ^\ we 
have that 

'0{2) ifai + a2<n + l, 
0(1) ifai + a2>n + l 



and 



^g-i^fC(l) ifai + a2<n + l, 
C(2) ifai + a2>n + l. 



It follows that 



^tr^/Uy) if fli + a2 < « + 1 

^i/f/c/J if ai + a2>n + l 



and the obstruction bundle is 



[N]^ ' if ai + a2<n + l 
[iV]0 if ai + a2 > + 1 



□ 



We now study the case in which the monodromy is not trivial. We 
have seen that the monodromy ()3.8|) gives a topological covering p : 
f/ — > f/ of an open neighbourhood ?7 of S' in F. Moreover [/ is a 
variety with transversal ^^-singularities, so we have a natural orbifold 
structure [U] on U. Let S be the singular locus of U. The orbifold [U] 
has trivial monodromy, so we can identify all the local groups Gy with 
Z„+i, where y E S, see Remark EISHH Under the identification of S 
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with any twisted sector U(g) , we have the following presentation for the 
orbifold cohomology of [U]: 

This is an easy consequence of Theorem K14.4I 

Notice that the group Aut(rA„) acts on i/*j.^([f/]). Given e G 
Aut(rA„) and 5 + G H*^f^{[U]), then we have 

e-{S + «a) := {e-'yS + ((e-^)*a)-a, (3.10) 

where 6 denotes an element of H*{U) and (ka denotes the element of 
®a&ir,+i,a^oH*~'^{S) given by the a G H*~^{S) in the a-th addendum. 

It follows from Proposition 13.3.121 that there is a natural isomor- 
phism of vector spaces: 

HUP]) = [mrm)) , (3.11) 

where the right hand side is the Aut(rA„)-invariant subspace of if*^^([f7]). 

Even if U and U are not compact, it is possible to define an orbifold 
cup product Uorb on H*j.fj{p]) (resp. on H*^fj{p])) such that the re- 
sulting ring [HUPlK^orb) (resp. {HUP])^^orb) has the properties 
listed in Theorem I2.3.9| see [H] Definition 4.1.2. This product is de- 
fined in an analogous way to the definition of the orbifold cup product 
for compact orbifolds, see Definition l2.3.71 In particular the obstruction 
bundle is as defined in Definition 12.3.51 



Proposition 3.4.5. The restriction of the orbifold cup product on 
H*^f,{[U\) to the subspace [H*^i^{[U\) j is an associative product. 

The map ^S.ll]) is then a ring isomorphism. 

Proof. Let a = (01,02,03) G (Z„+i)^ with 01-1-02 + 03 = and 
a 7^ (0, 0, 0). Then consider the morphism 

P^a] Pa\ (3.12) 

whose associated continuous function U__^ is given hj y ^ e ■ y, 

and all the morphisms between the local groups Z„+i are g —g, 
where e G Aut(rAn), e 7^ 1, and we have identified each with S, so 
e ■ y is the monodromy action. 

From the description of the obstruction bundle given in the proof of 
Theorem I3.4.4[ we easily get that the pull-back of [Ea\ under ()3.12p is 
isomorphic to [-E-J, for any a = (01,02,03) G (Z^+i)^ with O1+O2+O3 = 
0. This prove the first claim. 

The fact that (I3.1H1 is a ring isomorphism follows from a direct 
computation. □ 
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3.5 Examples 

We give here some special examples of orbifold cohomology rings. 



Example 3.5.1. (Surface case). We give now a description of the 
orbifold cohomology of a surface with an ^^-singularity: 

Y = {{x, y, z)eC^:xy- z^+^ = 0}. 

Y is the quotient of by the action of the group /i„+i given by e • 

As a vector space 

H*^,{[Y]) - H*{Y) © H*-\S){e,) © ... © H*-\S){en) 

where is a generator of if*(Y(j)) as i?*(5')-module. 
The product rule is given by 



^orb 



if i + j ^ O(mod n+ 1), 

^u[S]eH\Y) ifi+j = 0(modn+l). 

Example 3.5.2. (Transversal Ai- case). 

HU[Y]) = H*{Y)®H*-\S) 

as vector space. Given {82,0.2) e Hl^^{Y), we have the follow- 

ing espression for the orbifold cup product: 

1 

ai) \Jorb (^2, 02) = {Si [J62 + -i*{ai U a2),i*{Si) U q;2 + U i*{S2)) 

Note that in this case the obstruction bundle [E] has rank zero. 
Example 3.5.3. (Transversal A2-case). 

Hlrb{\^\) = H*{Y) © H*-''{S) © H*-''{S) 

as vector space. Given (^i, cti, (52, ci!2, /52) G we have the 

following espression for the orbifold cup product: 

((5i,q;i,/3i) \Jorb ((^2,q;2,/32) = ((^1 u (^2 + ^«*(q;i U/32 + u 0:2), 

i*{5i) U q;2 + ai U ^(^s) + /3i U /32 U Ci(L), 
i*{5i) U /32 + A U i*{52) + ai U q;2 U Ci(M)). 
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Chapter 4 
Crepant resolutions 



In this Chapter we show that any variety with transversal 74D£'-singularities 
Y (see Chapter 3.2) has a unique crepant resolution p : Z ^ Y. Then 
we restrict our attention to the case of transversal A„-singularities and 
trivial monodromy. In this case we describe the exceptional locus E 
in terms of the line bundles L and M defined in Lemma 13.4.31 We 
compute the cohomology ring H*{Z) of Z in terms of the cohomology 
of Y and of E. 

In the first section we recall some facts about the resolution of ra- 
tional double points. 

4.1 Crepant resolutions of rational double 
points 

Let i? C be a rational double point. Then, by Theorem I2.4.6L 
R has a unique crepant resolution p : R ^ R. R can be obtained 
by blowing-up successively the singular locus. The exceptional locus 
C C -R is union of rational curves Ci whose autointersection numbers 
are Ci-Ci = —2. The shape of C inside R is described by the resolution 
graph, see Remark 13.1.51 We explain with the next example the An 
case. 

Example 4.1.1. (Resolution of An-surf ace singulerities). Let 

R={{x, y, z)eC^ : xy- z''^^ = 0} 

be a surface singularity of type An. Let r : Ri = BIqR — > i? be the 
blow-up of R at the origin. Then Ri is covered by three open affine 
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varieties U, V and W, where 

U = {(.A^eC^: (^)-.»-(-)"^'=0} 

\ u u/ \u/ \u/ 

w = {(-..li.ii^ec': liii -,"-. = 0}. 

V w wJ WW 
and the restruction of r to f/, V, W is given as follows 



/ V W\ \ f w\ 

r|[/: X, -,— ^ [x,y,z) = [x,x-,x—) 
\ u u / \ u u / 




If n = 1, i?i is smooth and the exceptional locus is given by one rational 
curve C . A direct computation shows that C -C = —2. If n > 2, Ri has 
a singularity of type An-2 at the origin of W and the exceptional locus 
is given by the union of two rational curves meeting at the singular 
point. Then, after a finite number of blow-up, we get a smooth surface. 

Let R be the first smooth surface obtained in this way and p : R ^ 
R the composition of the blow-up morphisms. Let C = Ci,...,C„ be 
the components of the exceptional locus. A direct computation shows 
that Ci ■ Ci = —2, for any / = 1, ...,n. From adjunction formula we get 
Kp^ ■ = 0, for any I = 1, ...,n. We want to prove that p*Kr = Kp^. 
But 

n 

1=1 

for some integers ai, ...,a„. The intersection of the right and left side 
of the previous espression gives: 

n 

aiCi ■ Ck = for any k = 1, ...,n. 

1=1 

Since the matrix with entries {Ci ■ Ck) is negative definite (f5|. Chapter 
III, Theorem 2.1), it follows a/ = for all / = 1, ...,n. 

From this description, it is clear that the exceptional locus C is a 
chain of rational curves whose dual graph is F^^, (see Remark (3. 1.6|l . 
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4.2 Existence and unicity 

Proposition 4.2.1. LetY be a variety with transversal AD E -singularities. 
Then, there exists a unique crepant resolution p : Z ^ Y. 

Proof. To prove existence, one can proceed as follows. Let r : BlsY — > 
Y be the blow-up S <ZY . If BlgY is smooth, then define Z := BlsY 
and p = r. Otherwise, blow-up again. As in the surface case, after a 
finite number of blow-up, we will end with a smooth variety. Define 
Z to be the first smooth variety obtained in this way, and p be the 
composition of the blow-up morphisms. We will show that p*Ky = Kz. 
In general we have 

n 

P*Ky = Kz + Y,('iEi, 
1=1 

where Ei are the components of the exceptional divisor E of p and ai 
are integers defined as follows. Let z E Ei he a generic point, and 
5^/ = be an equation for Ei in a neighbourhood of z. Let s be a (local) 
generator of Ky in a neighbourhood of p{z). Then ai is defined by the 
following equation 

p*(s) = gi'idzi A ... A dzn), 

where zi,...,Zd are local coordinates for Z in z. For more details see 
[IB], Lecture 6. In our case, Y is locally a product i? x C'^, so Z is 
locally isomorphic to i? x C'^. Then, since — > i? is crepant, ai = for 
all / = 1, d. 

We now prove unicity. Assume that pi : Zi — > F is another res- 
olution of Y. By [Sni, Lemma 2.10, the exceptional locus of pi is of 
pure codimension 1 in Zi. Let Is/y be the ideal sheaf of S in Y. The 
sheaf J := p'^^{Is/y) ■ C'zi is the ideal sheaf of the exceptional locus 
of pi, and the local picture shows that it is invertible. So, we get 
a morphism Zi BlsY which lifts pi, IHSl, Chapter II, Proposition 
7.14. Repeating this argument we get a morphism f : Zi ^ Z, fur- 
thermore f*Kz = Kz^ becouse pi : Zi ^ Y is crepant. Then / is an 
isomorphism. Indeed, / induces a morphism T^^ f*Tz, taking the 
determinant we have a morphism 

A'^Tz, ^ A'^Tz, (4.1) 

so we get a global section of Oz^iKz^ — f*Kz) — C^Zi- Since Zi is 
projective and / is birational, this section is constant equal to 1. So it 
is a local isomorphism and one to one. □ 
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4.3 Geometry of the exceptional divisor 

In this section we restrict our attention to varieties with transversal A^- 
singularities and whose associated orbifold [Y] has trivial monodromy. 
In this case, any component Ei of the exceptional divisor has a structure 
of P^-bundle on S. We will describe Ei as the projectivization of vector 
bundles over S of rank 2. These vector bundles are defined in terms of 
the line bundles L, M and K, defined in Lemma 13.4.31 

Notation 4.3.1. We will denote hy E G Z the exceptional locus of p 
and by Ei, ...,En the irreducible components of E. The restriction of 
p to E will be denoted it : E ^ S and the restriction of vr to Ei with 

Tir-Ei-^ S. 



Proposition 4.3.2. LetY be a variety with transversal Ai-singularities. 
Then E is irredicible and there exists a vector bundle F on S, of rank 
two, such that 

E^F{F), (4.2) 

where P(F) is the projective bundle of lines in F as defined in [SW, 
Appendix B.5.5, where it is denoted by P{F). 

Moreover, the normal bundle Ne/z is given as follows 

Ne/z = Of{-2)®'k*L (4.3) 

where L is defined by A'^F^L = R^tc^Ne/z, Of{-2) is defined in pIU^ . 
Appendix B.5.1. 

Proof. In this case, Z = BlsY , and the normal cone CsY of 5* in F is 
a conic bundle with fiber isomorphic to {(x, : xy — z^ = 0}, so 

the projection CsY 5* induces to vr : = F{CsY) ^ S a structure 
of a bundle over S. In particular it is irreducible. 

Since S is smooth, there exists a rank two vector bundle on S, say 
F, such that E = P(F). This follows from [3S1, Chapter II, Exercise 
7.10(c). Let us fix one of these bindles and denote it by F. 

The normal bundle Ne/z is a line bundle whose restriction on each 
fiber vr~^(s) is isomorphic to 0^-i(<,)(— 2). So, equation 14.31 follows. 
The description of L is a consequence of the projection formula, [33] . 
Chapter III, Exercise 8.3. □ 
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Proposition 4.3.3. LetY be a variety with transversal An- singularities, 
n>2. Then, for any component Ei of E, tti : Ei ^ S is a -bundle 
and it can be written as follows, 

Ei^F{Li®Mi) forl = l,...,n, 

where Li and Mi are line bundles on S that satisfies the following equa- 
tion 

Li^M^^M^iK"")®^ forl^l,...,n. (4.4) 
Moreover the intersection E^ fl Ei has the following expression 

{0 if\k-l\>l, 
¥{Mi_,)cEi_, if k = 1-1, 
F{Li)cEi ifk = l-l. 

Proof. In our case the monodromy is trivial, so we can identify the 
local groups Gy, y E S, with Zn+i in a natural way. From this it follows 
that the normal cone CsY of 5* in F is the union of two components, 
each of these being a vector bundle of rank 2 on S. So, we get two 
components of E with the structures of P^-bundles over S. If we blow- 
up again, we get other components of E. More precisely, if n = 3 we 
get one component, if n > 4, then we must get two other componets. 
Each of these components have clearly a structure of P^-bundles over 
S. 

Since S is smooth, we can choose rank two vector bundles Fi on 
S such that Ei = P(F/). But, for later use, we want F/ to be of the 
claimed form. Notice that, ii Ei = P(-F;), then for any line bundle L on 

El ^ F{Fi ® L). So, if Fi = Li®Mi, Ei is dermined by Li ® M^^. 

We prove the Proposition in the following way: we think of Z as 
a finite number of blow-ups; at each blow-up we compute the transi- 
tion functions of the vector bundles that forms the normal cone of the 
singular locus. 

Let {Ui}i(zi be an open covering of a neighbourhood of 5" in F. 
Assume that each Ui is given as follows 

Ui = {fe, Xi, Vi, Zi) e X : XiVi - = 0}. 

For any i & I, let {Ui,'Zn+i,Xi\) be a uniformizing system for [Y] such 
that Xi{Ui) — Ui- Let us assume that 

Ui = {(m^uuvi) eC'x C^}. 

We can suppose further that, for any i,j e /, there are isomorphisms 

<Pij:x-\u,nUj)^xj\UinUj) 
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which are Z„+i-equivariant. 

Let (p — ($, F, G), where F, G are the components of (f with re- 
spect to the coordinates (Wj, Ui, Vi). The fact that ip is Z„+i-equivariant 
imply that $ depends only on so it is an isomorphism between open 
subsets of S. 

Using this coordinates we get bases for the normal bundles A^^z„+i^^ : 
^). Moreover we have 

d dF d dG d 



dui dui duj dui dvj 
d dF d dG d 

dvi dvi duj dvi dvi 

The condition for Tipij : N-z^^^ - — A^-z„+i - to be an isomorphism 

of Z„+i-representations implies that F is independent on Vi and that G 
does not depend on Ui. 

The two conditions F(e ■ Ui) — e ■ F{ui), G{e~^ ■ Vi) — ■ G{vi) 
imply 



Fin.) = YuKn..,..d^^^ 

A;=0 "^"i 

"^y^i) 2-^"i fc(n+i)+i ■ 



From these expressions we see that and (7"+^ depends only on 

Xi and vf"*"^ = Hi respectively and F ■ G depends on {xi,yi,Zi). 



n+l 



So (F'*+^, F ■ G) is an automorphism of Ui n Uj. Moreover we 
have the following change of variable expression 



fdFY+^ 
— Xi - — I + h.o.t. s 

\du. 



dG\ 



n+l 



yj = mi-g^J + h.o.t.'s 

dFdG ^ 
Zj = Zi — — + h.o.t. s. 

OUi OVi 

From the previous calculations it is clear that the normal cone of S 
in Y is the union of two irreducible components, Ci and C2. Ci and C2 
have a structure of vector bundles of rank 2 over 5" and they are given 
as follows 
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where L, M and K are defined in Lemma [3.4. 31 Moreover, the inter- 
section Ci n C2 in CsY is given by the line bundle K. 

After the first blow-up, we get a variety over Y with transversal 
y4„_2-singularities, the exceptional divisor is F{CsY) = P(Ci) U P(C2), 
the singular locus is P(Ci) fl P(C2). So, if n > 2, we have to blow- 
up again. Let {ai,bi,Zi), {aj,bj,Zj) be coordinates in a neighbourhood 
of the singular locus. The blow-up morphism, in these coordinates, 
is given by: Xi = aiZi, yi = biZi, Zi = Zi. Then the two systems of 
coordinates, {ai,bi,Zi) and {aj,bj,Zj) are related ss follows: 

~ z,~ F-G ^ ' 

G''+\aiZi) , , 

z, = F-G. (4.7) 



Note that, in the first two equations, numerator and denominator on 
the right side, are both multiples of Zi. So, after dividing by Zi, 14.51 
becomes 



, n+l 
dF ' 



Uj = — - — r- + h.o.t.'s 



f dF dG \ 
ydui dvi J 

\ n+l 



bj = bi—, — - — ^ + h.o.t.'s 

' dF aa ^ 

dui dvi 

z, = F-G. 



These calculations shows that the normal cone of the singular locus, 
after the first blow-up, is the union of the following irreducible com- 
ponents P((M (g) K"^) © K) and ¥{K ® [L ® K'^)) intersecting along 

Under the identification of the strict transform of F{CsY) with 
F{M®K)U¥{K®L), we claim that F{{M K"") ® K) DF^M ® K) = 
F{K) C P(M © K), P((M (g) K"^) ®K)n P(M ® K) = P(M © fsT^) C 
P(M ^K'^ ®K) and P(M ® K) n ¥{K © (L © fsT^)) = 0. This fol- 
lows from the surface case. In this case Y = {xy — z"-^^ = 0} and 
the blow-up is covered by three open sets with coordinates {x, {y, |) 
and The strict transform of the x— axis is contained in the 

open with coordinates (x,^), ^ = ^. Under the identification of the 
exceptional locus with F{{{x,y, z) : xy = 0}). □ 
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4.4 Cohomology ring of the crepant resolu- 
tion 

Let y be a variety with transversal ^^-singularities, suppose that the 
monodromy of [Y] is trivial. In this section we describe the cohomology 
ring of the crepant resolution Z of Y in terms of the cohomology of Y 
and the geometry of the exceptional divisor E. 

Notation 4.4.1. We will use the same notation of the preceding sec- 
tion. Moreover, we will denote hj j : E ^ Z the embedding of E in Z, 
i : S ^ Y the embedding of S in Y. The restriction of j to the compo- 
nent El will be denoted by ji : Ei ^ Z . We will denote hj ki : Ei —>■ E 
the morphism defined by the equality j o ki — ji. 

Proposition 4.4.2. LetY be a variety with transversal Ai-singularities. 
Then the following map is an isomorphism of vector spaces 

H*{Y)® H*-^{S){E) = H*{Z) 

d + aE ^ p*{d)+j^n*{a). 

Under the identification of H*{Z) with H*{Y) ® H*-^{S){E) by means 
of this map, the cup product of Z is given as follows 

{Si + aiE) ■ {S2 + a2E) = 5i U ^2 - 2i^{ai U aa) 

+ {i*{5i) U q;2 + «! U i*(52) + 2ci{R^7r^NE/z) U cti U eta) E. 

Proof. From projection formula we get 

j>*(a) = (7r*(a) ■ f p*{5)) ^ j.7r*ia ■ i*5). 

So, aE ■ 6 = (a U i*6)E. To get the product rule between ai and a2, 
for ai,a2 G H*{S), we write 

j;7r*(Q;i) U j;7r*(Q!2) = p*{d) + j:,n*{a) 

for some 5 G H*{Y) and a G H*{S). But, from projection formula and 
the equality p* o — {po j)^ — (ion)* = o tt*, we have 

= P*(j*7r*(ai) U j*7r*(a2)) = -2i^{ai Li 02), and 

j;7r*(ai) U j;7r*(a2) = j* (ciiNE/z) U 7r*(ai U a2)) . 

On the other hand, n*{a) is the coefficient ofci(Ci;'(— 2)) in j*(j*7r*(«i)U 
j*7r*(Q;2)), which is 2ai U ^2 U Ci (R^tt^Ne/z)- □ 
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Notation 4.4.3. For any variety X and line bundle L on X, we will 
denote by L the first Chern class ci(L) e H^{X). If a e H*{X), then 
we will denote by aL the cup product a U Ci(L) e H*{X). 

Convention 4.4.4. The variety Y has complex dimension d and so also 
Z is of complex dimension d and S has complex dimension k :— d — 2. 



Proposition 4.4.5. T/je following map is an isomorphism of vector 
spaces 

H*{Y)®^^iH*-^{S){Ei) H*{Z) 

n 

1=1 

Under this identification the cup product of Z is given as follows: 

n 

E,_, UE, ^ [S] + J2i[i^n%i - ic-%-i,i]M + [iic-'),.r,i - {i - l)ic-%i]K}Ei 
1=1 



E,UE, = -2[S] + Y,{[{c-')^-l,l-{c-')^+^,l]M 



Ei U Ej 



if \i-j\>l 



where [S] G iJ'^(X) denotes the fundamental classi^{[S]) of S in X , and 
{cn)ij is the element in the i—th row and j—th column of the following 
n X n matrix 



/-2 1 \ 

1 -2 1 ... 

... 1 -2 1 

\0 1 -2/ 



(4.8) 



The proof will use the following lemmas. 

Lemma 4.4.6. The following sequence is exact for any q, 

^ H\Y) ^ H\Z) ^ H\E)/tx*{H\S)) ^ 0, 

where [j*] is the composition of j* with the projection H'^{E) — H'^{E)/Tr*{H'^{S)). 
The sequence splits, so we get an isomorphism of vector spaces 

H*{Z) ^ H*{Y) e H*{E)/n*{H*{S)). 
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Proof. The exactness follows by comparing the exact sequences of 
the pairs {E,Z) and {S,Y). The sequence is split since there is a 
push- forward morphism : H*{Z) — > H*{Y) which satisfies o p* = 
idH*(Y)- □ 



Lemma 4.4.7. There is a canonical isomorphism of vector spaces 

H*{E)/7T*{H*{S)) ^ ®tiH*{Ei)/n*{H*{S)). 

Proof. Let Ei = E — Ei he the closure of the complement of Ei in E. 
Then E = EiUEi and EiHEi = S. From the Mayer- Vietoris sequence 
with respect to the covering {£"1, £"1} of E it follows that the following 
morphism is an isomorphism 

H'^{E)/n*{H%S)) ^^i^ H''{Ei)/7il(H%S))®H%Ei)/nl{H''(S)) 

where ki : Ei E and ki : Ei ^ E are inclusions, and tti is the 
restriction of vr to li. The result follows by induction. □ 

Proof of Proposition I4.4T51 As a consequence of the above lemmas 
we have that the vector spaces H*(Y) ©JL^ H*~'^{S) and H*{Z) have 
the same dimension, so it is enough to show that the map is injec- 
tive. Assume that p*{5) + Er=ii'*<("i) = 0- Then 5 = p*(p*(5) + 
ElLii«*<("0) = 0. Next, applying we get 

n 

j.*(p*w + E^''X(«o) = o, 
1=1 

the left side of this equation, up to terms of the form vr^(..) assumes 
the following expression: 

where G H^{Ek) is the class {ci{Oz{Ek))). We use the convenction 
a_i = a„+i = 0. It follows that 

{cn)kiai = for any k = l,...,n. 

So, a; = for all /, since c„ is nondegenerate. 

Finally note that the following maps are isomorphisms 

Hi-\S) ^ H\Ei)/t,*i{H\S)) 
a I— s> [vrf (a) U ei\. 
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To prove HiHl write 

n 

E, U E, = p*{6) + 5^ Ji,7r;(a0, (4-9) 
1=1 

where 6 G H*{Y) and ai G H*{S). 
We immediately get 

6 = p,{E,UE,)=p,{jUm)Uj,^{[E,])) 

So, 







if 




> 1 


H 


\[S] 


if 




= 1 




[-2[S] 


if 




= 



We now pull-back both sides of ()4.9p with j^. We get the following 
equation 

n 

jmuE,) = jip*{5) + Y,jiJiXi{(^i) 

1=1 

= 7!-li*{6) + jl{ak-^iEk-i + akEk + Uk+iEk+i 

= 7r*r(5) + 7rl{ak^i)[Ek-i n Ek C Ek] + nl{ak)NE,/z 

+ nl{ak+i)[Ek+inEkC Ek] 

where by [-Efc-i H Ek C Ek] (resp. [Ek+i H Ek C Ek]) we mean the 
cohomology class dual of the homology class of Ek-i fl Ek (resp. Ek+i fl 
Ek) in Ek. Using our description of Ei (see Proposition 11331) ^^'^ [30j . 
Appendix B.5.6, we have the following expression for jl{Ei U Ej) up to 
terms which are pulled-back from S with vr^: 

jliEi U E,) = nliak-i - 2ak + ak+i)OF,il), (4.10) 

where, as usual, a_i = On+i = 0. 

On the other hand, the left side of ()4.9|) gives 

fk{E,uE,) = ji{jum)uj,sm) (4.11) 

= [EiDEkC Ek]n[E^nEkC Ek]. (4.12) 

We now distingiush three cases. 

Case \i — j\ > 1- Then clearly Ei U Ej = 0. 
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Case \i — j\ = 1. Then 
'0 

j*(E,_iUE,)= < 



for < 2 — 1, 

Ne,.^/z U [E,_, nEiC for = i - 1, 

Ne,/z U n C Ei\ for = 

for A; > i. 



In order to compute Nej/z, let us denote by Si^i = Ei_i fl Ei. Then 
notice that Nei/z\s^ ^ — and then, from (HHI Appendix B.5.6, 

it follows that 



Ne,/z = OfA-2) + n*{K -U- M,). 
A direct application of j30| Appendix B.5.6 gives 



(4.13) 



(4.14) 



From (I4.13jl and (j4.14|) it follows that, up to terms of the form vr^ (...), 

il{Ei^i U Ei) is equal to 



'O for k < i - 

OF^_^{l){tK - M) for k = i - 

OfX^){M - {i-l)K) foTk = i, 

for A; > i. 



Then we get the following system of equations for the a/'s 
/ \ 





iK -M 
M-{i-l)K 






/ -2 1 

1-210 

1-2 1 ... 

1-210 

1 -2 1 



V 



\ / ai \ 



fti-i 
ai 



2 / V «n / 



Case \i — j\ =0. Then 



fkiE.UE,) 



for k < i — 1, 

[Ei^i nEiC Ei_if for A; = z - 1, 

N%/z for k = i, 

[Ei+inE.d Ei+if iork = i + l, 

for A; > z + 1. 
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Using again ^4. I'M and (I4.14|) . we have that 



for k < i — 1, 

Of,^,{^){M - {i-l)K) hvk = i-l, 

Of,^,{1){{i + 1)K - M) for A; = 2 + 1, 

for A; > i + 1. 



Then we get the following system of equations for the a^'s. 
/ \ 





M-{i- 1)K 

-AK 
{i + l)K-M 






/ -2 
1 






V 



1 











... 


-2 


1 









... 


1 


-2 


1 







... 





1 


-2 


1 


... 


... 








1 


-2 


1 ... 


... 



-2 / 



ai-i 
at 



\ an J 



□ 
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Chapter 5 

Quantum corrections 



We compute the quantum corrected cup product (see Definition [2ATT} 
in the transversal An case and with trivial monodromy. 

In the first section we give a description of the genus zero Gromov- 
Witten invariants of Z that are needed in order to compute the quan- 
tum corrected cup product. Some of these invariants are computed by 
a direct understanding of the virtual fundamental class. To compute 
the ramaining, we use the property that Gromov-Witten invariants are 
invariants under deformation of the complex structure of Z, so we will 
impose some technical hypothesis on Z which guarantee that some de- 
formations of Z are unobstructed. In the last Section, using also the 
results of Chapter 4, we give a presentation of the ring H*{Z){qi, ...,qn), 
as defined in Theorem 12.4. 141 We review in Section 2, some basic facts 
about virtula fundamental classes that are used in the proof of the 
results. 

5.1 Gromov-Witten invariants of the crepant 
resolution 

We describe some of the genus zero Gromov-Witten invariants of Z 
in order to compute the quantum corrected cup product. Since we are 
able to compute some of the invariants in complete generality and some 
others under particular hypothesis, we decided to collect these results 
in three different Theorems. 

Convention 5.1.1. Let X be a variety of dimension d, then we define 
to be zero the integral of any cohomology class a e H*{X) on X of 
degree different to 2d. 

Notation 5.1.2. Through this Chapter Y will be a variety with transver- 
sal y4„-singularities such that the corresponding orbifold [Y] has trivial 
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monodromy. We will denote hy p : Z ^ Y the crepant resolution. 



We have the following isomorphism of vector spaces (see Proposition 

H*{Y)®'l=^H*-\S){Ei) H*{Z) 

n 

5 + aiEi + ... + anEn ^ P*{S) + '^juT^!{ai). 

1=1 

So, a cohomology class 7 G H*{Z) of Z will be denoted by 

7 = 5 + aiEi + ... + a„E„, with 6 G H*{Y), ai G H*-\S). 

The homology group H2{Z, Z) of Z can be described as follows, 

H2{Z, Z) = H^iYZ) © Ho{S){/3,) © ... © Ho{S){(3n), 

where Pi G H2{Z, Z) is the class of a fiber of ni : Ei ^ 5, see Notation 
14.3.11 We have that Pi,...,Pn is an integral basis of Ker p*, where 
p* : H2{Z,Q) — i> H2{Y,Q) is the group homomorphism induced by p, 
see Chapter 2.4. So, any class F G H2{Z, Q) of a rational curve that is 
contracted by p, i.e. p*(r) = 0, is written in a unique way as 

r = aiPi + ... + anPn with a/ positive integers. 



We now compute the 3-point, genus zero Gromov-Witten invariants 

^r(7i,72,73) = / . et;3*(7i©72©73) (5.1) 

where 7^ G H*{Z), F = Oi ■ /9i + ... + a„ ■ /5„ G H2{Z, Z) is an homology 
class such that p*(r) = 0, Mo^3{Z,T) is the moduli space of 3-pointed 
stable maps [p : (C, pi,p2,P3) Z] such that p*[C] = F, the arithmetic 
genus of C is 0, and ev^ : M.q^^{Z, T) ^ Z x Z x Z is the evaluation 
map. 



Theorem 5.1.3. Let Y be a variety with transversal Ai- singularities 
and let p : Z ^ Y be the crepant resolution. Then, 



^f/3(7l,72,73) 



if 1i,l2 or 'js are in H* 

-8 Jgtti ■ a2 ■ as ■ ci{R^7i^Ne/z) if li = oiiE fori = 1,2, 



Where a > 1 is an integer, n : E ^ S is the restriction to E of p, and 
the dots denote the cup product of S. 
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Theorem 5.1.4. Let Y be a variety with transversal An- singularities, 
n >2, and let p : Z ^ Y be the crepant resolution. Then, 



^f(7i>72,73) 



«/7i,72 or 'js are in H*{Y); 

{Ei^ ■ (3ij){Ei^ ■ l3ij){Ei^ ■ pij) «! ■ as ■ "3 ■ Ci{K) 



where the second possibility holds ifT = (3ij := (3i + ... + (3j for I < i < 
j < n, and "fi = Qi ■ Ei. for i = 1,2, 3. Here K is the line bundle on S 
defined in Lemma [3.4.3[ 



Theorem 5.1.5. Let Y be a variety with transversal A^- singularities, 
n > 2, and let p : Z ^ Y be the crepant resolution. Assume further 
that the line bundle K (defined in Lemma \S.4..^ is sufficiently ample. 



that H'^{Z,Tz) = and H^{S,Ts) = 0. Then, we have the following 
expression for the Gromov- Witten invariants: 

{0 if li,l2 or are in H*{Y); 
{El, ■ (3,j){Ei, ■ pij){Ei^ ■ Pij) Js ai ■ as ■ as ■ Ci{K) 
in the remaining cases. 

where the second possibility holds if V = a ■ (3ij := (3i + ... + (3j for a be 
a positive integer, I < i < j < n, and •ji = ai ■ Ei. for i = 1,2, 3. 



Conjecture 5.1.6. Theorem 15.1.51 is true in complete generality, i.e. 
without the hypothesis on K, on H^{Z,Tz) and H^{S,Ts). We give in 
Section 6.3 an outline of the proof of this conjecture. 



Remark 5.1.7. Notice that, if [Y] carries a global holomorphic sym- 
plectic 2-form u, then we can identify L with by means of u. So, 

{n + l)K = M^L = Os, 
so, all the Gromov- Witten invariants vanish. 

5.2 Virtual fundamental class for Gromov- 
Witten invariants 

We review here some basic properties about the virtual fundamental 
class [Mg,niZ,T)Y'\ We follow clesely ^ and 0. 
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We recall the definition of obstruction theory for a Deligne-Mumford 
stack X. We will denote by D{Ox^t) the derived category of Ox^^- 
modules, where X^t denote the small etale site of X. The cotangent 
complex of X will be denoted by L^^^ G D{Ox^J. 

Definition 5.2.1. Let X be a Deligne-Mumford stack. Let E' E ohD{Ox^t) 
be an object that satisfies the following conditions: 

• h\E') = 0, fori> 1; 

• h\E') is coherent, for i = 0, —1. 

Then, a morphism (p : E* ^ L\^^ in D^Ox^J is called an obstruc- 
tion theory for X , ifh^{(f)) is an isomorphism andh~^{(j)) is surjective. 
By abuse of language we also say that E* is an obstruction theory for 
X. 

The obstruction theory (f) : E' ^ L'^^^ is perfect, if E' is of perfect 
amplitude in [—1,0]. 

Let E* be a perfect obstruction theory for X. Assume that locally 
E' is written as a complex of vector bundles [E~^ E'^]. Then, the 
rank of E' is defined to be 

rk E* = dimE° - dimE"\ 

Definition 5.2.2. The virtual dimension of X with respect to the 

perfect obstruction theory E' is defined to be the rank rk E* of E' . We 
will denote the virtual dimension by v. 

Remark 5.2.3. The virtual dimension is a locally constant function 
on X . We shall assume that the virtual dimension of X with respect 
to E' is constant, equal to p. 

Remark 5.2.4. Let E' be a perfect obstruction theory for X . Then 
E' give rise to a vector bundle stack into which the intrinsic normal 
cone ^Lx of X can be embedded as a closed subcone stack ([IHl, page 72). 
Under the hypothesis that E* has a global resolution (pHI, Definition 
5.2), the virtual fundamental class [X,E'] of A", with respect to E' ^ is 
the class in the rational Chow group Au{X), obtained by intersecting 
^x with the zero section of [in]. Proposition 5.3. 
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Notation 5.2.5. We will denote by Mg^n{Z,T) the Deligne-Mumford 
stack of stable maps of class T G H2{Z) from an n-marked prestable 
curve of genus g to Z. The universal curve on A^g.„(Z, F) will be 
denoted by p : C — M.g^n{Z,T), and the universal stable map by / : 
C^Z. 

The universal curve p : C ^ A^^ „(Z, F) can also be seen in the fol- 
lowing way. Consider the stack J\4g,n+i{Z, F), then, there is a morphism 

/n+l,n : Mg,n+liZ, F) ^ Mg,niZ, F) (5.2) 

which forgets the last marked point and contracts the unstable com- 
ponents. Then /„+i,„ can be identified with the universal curve, the 
universal stable map is the evaluation morphism of the {n + l)-th point. 

The coian^'eni comi^lea; of A^g^„(Z, F) will be denoted with L*^ (zr) 
It is an element in the derived category D{Oj^^ ^(^z,r)iJ of the category 
of Oj^ ^(2r)-r™°^^^^^' '^here M.g^n{Z,T)^t is the small etale site of 
-M,,„(Cf)'. " 

Remark 5.2.6. The moduli stack M.g^n{Z, F) has a natural perfect 
obstruction theory given by 

E' = R*p4[f*Qz ^ ^p] ® Up}, (5.3) 

where Qz is the sheaf of relative differentials of Z over Spec(C), Qp is 
the sheaf of relative differentials of C over A4 ([3^^, page 175) and ujp is 
the relative dualizing sheaf in degree —1, see llQ], page 82. Moreover 
E* has a global resolution. The resulting virtula fundamental class will 
be denoted by [A1g,„(Z, F)]^^". 

This is proved in [10] Proposition 6.3, [HI Proposition 5, for the 
relative case. 

There are some basic properties that holds for [A^g_„(Z, F)]"^, they 
are given and proved for the virtual fundamental class given by any 
perfect obstruction theory on a given Deligne-Mumford stack in [Til] . 
Propositions 5.5-5.10 and Propositions 7.2-7.5. Here we report some of 
these properties in the special case of [Aig^n{Z, F)]^*''. 

Proposition 5.2.7. The virtual dimension v of Aig^n{Z,T) is constant 
and equal to 



1/ = (1 - g){dtmZ - 3) - (F ■ Kz) + n. 
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Proposition 5.2.8. Let Mg^n{Z,T) be smooth. Thenh^{E'^) is locally 
free and the virtual fundamental class is 

[Mg,n{z, r)]"- = Cr{h\E-'')) ■ [Mg,n{z, r)], 

where r = rkh^(E''^). 
Proposition 5.2.9. Let 

/„+!,„ : Mg,n+i{z, r) Mg,n{z, r) 

be the forgetful morphtsm. Then f*^,J[Mg,niZ,T)Y'-) = [Mg,n+iiZ,T)Y'\ 
Consider the following diagram of Deligne-Mumford stacks, 

B' B, 

where B and B' are smooth of constant dimension, v has finite unram- 
ified diagonal. 

Proposition 5.2.10. Let E' — » Lx/b be a perfect obstruction theory 
for X over B. If \5.4^ is cartesian, then u*E' is a perfect obstruction 
theory for X' over B' . If E' has a global resolution so does u*E' and 
for the induced virtual fundamental classes we have 

at least in the following cases. 

1. V is flat, 

2. V is a regular local immersion. 

Proposition 5.2.11. Let E' be the obstruction theory defined in 
Then we have the following exact sequence of coherent sheaves on M., 

^ ^ p,f*Tz ^ h\E"'[l]) ^ R^p^nl ^ R^p.f*Tz ^ h\E'''[l]) ^ 0, 

(5.5) 

where = Rnomoj^^^^^,^^.^Jftp, C^^,4z,r),J- 
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Proof. First of all notice that E*^ = Rp^ {[f*^z ^ ^pV)- Indeed, by 
duality we have 

E-^ := RHomo^^ ^^,^,^^^ {RMiF^z - n,] ® uj,), 0>,,,„(z,r) J 
= Rp^RHoniOj^^ „(z,r)st ^ ~^ ® ^P' ^p) 

(see f34], Sect. VII. 4, page 393), then, since Up is locally free, we have 
E' = Rp^RHomo^^^^,^,,^^ - n^] ® ® 0>,,,„(z,r),J ■ 

Consider the following distinguished triangle 

where the sheaves f*^z and Qp here means complexes centered in de- 
gree 0, the complex [f*^z ^p] is the mapping cone of the morphism 
df : f*^z ^p- Taking duals in derived category, we get the following 
distinguished triangle 

irQz ^ ^pV --^p^ rTz ^ . 

The axioms of triangulated categories implies that the following triangle 
is distinguished 

Now apply the derived functor Rp^ to get the following distinguished 
triangle 

Rp4^;) ^ Rp.fTz ^ Rp.ar^z ^ ^pVm ^ . 

Taking cohomology, we get the following long exact sequence 

^ R-'p.iirnz ^ npY)[i] ^ p,(n^^) pj*Tz ^ p.iirnz ^ np]'')[i] 

^ i?V(fip) R'p*rTz ^ RViir^z ^ ^pV)[i] ^ 0, 

notice that [f*Qz ^p] is centered in [-1,0] so {[f*flz ^pV)[^] is 
also centered in [—1,0]. 

Since / is a stable map, the morphism p<t^p — * p*f*Tz is injective. 
This conclude the proof. □ 
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5.3 Proof of the Theorems 

Notation 5.3.1. Through this Section, R will denote a rational double 
point of type A„ and R R the crepant resolution. See Definition l3.1.1l 
and Remark 13.1.51 

5.3.1 Genaral considerations 

The key point in the proof of the Theorems is to notice that S is canon- 
ically isomorphic to the moduli space A^o,o(^5 Ai); for ^my i < j, and 
that M.o,q{Z,T) has a fibered structure over S with fibers isomorphic 
to Mo,o(r,T). 

Lemma 5.3.2. There is a morphism 

(f):Mo,o{Z, T)^S 

such that, for any point p E S, the fiber 4>~^{p) is isomorphic to 
Ai()fi{R,T). Moreover, there is an etale cover U ^ S and a carte- 
sian diagram 

UxMofiiR,T) . Mo,oiZ,T) 

pri 

u > s. 

IfT = := /5j + ... + for i < j, then (j) is an isomorphism. 

Proof. Step 1. We first prove that for any scheme B of finite type over 
C and any object 

C Z 
p 
B 

in M.qq[Z, V){B), there is a morphism g : C ^ E such that f = j o g, 
where j : E Z is the inclusion. 

Let Oz{E) be the line bundle over Z associated to the divisor E, 
and let s be the section of Oz{E) defined by E, that is, s = {sj} where 
Si are functions which defines the Cartier divisor E. Then / factors 
through E if and only if f*s vanishes as section of f*Oz{E). We show 
that p^f*Oz{E) is the zero sheaf. 

First of all we assume that B = Spek(C). Then 

pJ*i[C]) = 0, 

where and /* are the morphisms of Chow groups induced by p and / 
respectively and [C] is the fundamental class of C It follows that the 
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image of p o / is a point y G Y. This point must belong to S because, 
outside S, p is an isomorphism. So /(C) C E and, since C is reduced, 
/ factors through E ((22] exercise 3.11(d) chapter II). Note that /(C) 
is contained in a fiber of n : E S. 

Assume now that i? is a scheme of finite type over C and f : C ^ Z 
is a stable map over B. Given a point 6 G -B, let X be the subvariety 
of B whose generic point is 6, namely X = {b}. For any closed point 
X e X we have that H^iCx, f*Oz{E)x) = becouse / | C^ factors 
through a fiber of E over S. By Cohomology and Base Change it 
follows that {p*f*Oz{E))x (g) k{x) = 0, since p^f*Oz{E) is coherent it 
follows that it is zero on a neighbourhood of x, so it is zero on b. 

Step 2. Let ip := n o g : C ^ S , we prove that there exists a morphism 
(f> : B ^ S such that ip = (j) op. 

First of all we define a continuous map (j) : B ^ S such that ip = 
(f) o p. From Step 1 it follows that, if 6 G i? is a closed point, then we 
can define (j){b) by: 

4>{b) = 7r(/(a)). 

Now, let 6 G -B be any point, and let X he the subvariety whose generic 
point is b. Then we define 0(6) to be the generic point of (p{X), the 
closure of 0(X) in S. The condition ip = (p o p implies that is con- 
tinuous. Indeed, p is surjective and so, for any closed subset T C S, 
(f>~^(T) = 71(71^^ {(f)^^(T))) = 7T{ip^^(T)). Note that p is surjective since 
it is dominant and proper (the fiatness ofp implies that p^ : Ob — > p*Oc 
is injective). 

In order to give a morphism : i? — > S* it remains to give a mor- 
phism of sheaves 

0« : <P.Ob. 
We have the following diagram 

Os^^ip.Oc (5.6) 
(P^P'^Ob 

where p~^{p^) : p~^Ob — > Oc denote the adjoint ofp" : Ob p*Oc- 
Note that ip^:p^^{p^) is injective. 

Since p is proper and surjective, a direct analysis show that the 
canonical morphism Ob P*P~^Ob is an isomorphism. So the mor- 
phism 0=kOb (p^:P^^Ob = 4>*{p*p~^Ob) is also an isomorphism. Then 
we can replace in the previous diagram (j5.6jl . ip^p^^OB with (P^^Ob, and 
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with the vertical arrow being an inclusion. It follows that we can con- 
sider as a subsheaf of ip^:Oc and so it is enough to show that 
the image of Os under ip'^ is contained in 4)*Ob- This is equivalent to 
say that the morphism Os — > ip^:Oc/4>*OB induced by y?" is the zero 
morphism. But this is true on the geometric points and so it is true 
everywhere. 

The last statement follows from the fact that, if F = /3i + ... + 
then we have an inverse of 0. It is given by sending any morphism 
B ^ S to the following stable map 

BxsE Z 

pri 

B 

□ 



Lemma 5.3.3. Let'ji,'j2 or be elements ofH*{Y). Then 

(71, 72, 73) = 

for any T = ai(3i + ... + a„/3„. 

Proof. By the Equivariance Axiom for Gromov-Witten invariants, 
see Chapter 7.3, we can assume that 73 = p*(53). The virtual 
dimension of yWo,3(^, T) is equal to the dimension of Z, dimZ. So, let 
7i,72,73 be cohomology classes such that 

deg(7i) + deg(72) + deg(53) = dimZ. 

We have the following commutative diagram 



/3,2X/3,o 



61)3 



A^o,2(^,r)xA^o,o(^,r) 



6D2 



^ Z X Z X Z 

idxidxp 

Z X Z xY 
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where ip — i o (j). Then 

ev^{-fi (8) 72 (g) p*((^3)) = (/3,2 X /3,o)*(et^2 X V5)*(7i ® 72 ^3) 

= [/3>^2*(7l®72)]-[/3>*(53)] 
= /3,2(K(7l<8 72)]-[/2>*(<^3)]) 

we have used the equality f^^ = /2,o o /3,2- On the other hand, the 
following equalities hold 

= /3V2,o[>^o,o(^,^)]^^'^ 

= /3*,2[^0,2(^,r)]^^\ 

So, 

*f(7l,72,P*(53)) = / ^ ,,,,/3,2(K(7l®72)]-[/2>*(53)]) 

= (constant) ■ / [e'i;;(7i O 72)] ■ [/2*o<^*('53)] 

which is zero since the virtual dimension of A^o,2(^, T) is the virtual 
dimension of Alo,3(-^, T) minus 1. □ 

It remains the computation of the invariants of the following form 

*r Oh ("1 ) , Jh Xh («2) , jh («2) ) , 

where q;i,q;2,Q!3 G H*[S) satisfy the following equation 

deg a\ + deg a2 + deg — dimS — 1. 

With the next Lemma, we reduce this computation to an integral over 
the following class: 

Lemma 5.3.4. The following equality holds, 

*r {jh (ai ) , jh Xh («2 ) , jh Xh («2) ) = 
= {El, ■ V){Ei, ■ T){Ei, ■ T) I (ai ■ ■ a^). 
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Proof. Consider the following cartesian diagram, which defines E Xs 

ExsE, 

E Xs E Xs E ^ Ex Ex E 



SxSxS 



where the botom arrow is the diagonal embedding. 

From the previous Lemma II). 3. 21 it follows that the evaluation mor- 
phism ef3 : M.o^s{Z,V) Z x Z x Z factors through a morphism 
6^3 : Mo^z{Z, V) ^ ExExE and the inclusion ExExE ^ ZxZxZ. 
Moreover, since the image of any stable map over a geometric point is 
contained in a fiber of tt : ^ 5*, ev-^ factors through a morphism 
evz : Mo,3{Z, r) ^ E Xs E Xs E and the inclusion E Xs E Xs E ^ 
E X E X E. So, we have the following equalities 

*r Uh ' jhXh («2) , ih *<2 («2) ) = 

evl {OE{Ei,)7r*{ai) C>s(E,j7r*(a2) ® 0^(^,3)71* (as)) 

Notice that j*jz*vr;*(a) = OE{Ei)n*{a), for any / = l,...,n and a G 
H*{S). Indeed, for any m = 1, n, 

k*^fjiXi{(^) = fmjiXi{(y) = [Em nEiC E^rn] ■ 7r^(a) 

and 

k*^{OE{Ei)7r*ia))=f^OziEi)n*^{a), 

which are equal (see jHI]], Chapter 2.3). Using the fact that ev^ factors 
through evs we get 



ev; {OE{E,)7T*{ai) ® C>i,(E2)vr*(a2) ® Os(E3)vr*(a3)) 

'[A4o,3(^,r)]''"- 

= [ els{OE{Ei)®OE{E2)®OE{Es)T^*{ai-a2-as)). 
Now apply the divisor axion and get 

= {Ei,-T){Ei,-T){Ei,-T) f 0*(ai- 02-03). (5.7) 

Let pt denote the unique morphism from any scheme over C to 
Spec(C). Then the integral ()5.H) is the degree of the homology class 



pU [evl{-ii ® 72 ® 73) n [7Wo,3(^, r)]' 
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Using the projection formula (110] pag. 328) and the equality = 4>opt, 
(j5.7jl becomes: 



(El, ■ T)iEi, ■ T)iEi, ■ T)pU («i ■ «2 ■ «3 n MMofiiZ, r)]«^) . 



□ 



At this point, to conclude the proof, we proceed as follows. First 
we show that 



Second, that 



j,[Mo,o{Z,|3^,T'■ ifr = aA„ 
otherwise. 



(5.8) 



(5.9) 



Let us explain our idea to prove (|5.8|1 . it will be motivated by our 
proof of Theorems I5.1.3[ 15.1.41 and 15.1.51 Let us denote by Ai the 
moduli stack A4q^o{Z, T) and by 

: Em L'm 

the obstruction theory on A4 given as in ()5.3j) . We will identify Aio,o{Z, Pij] 
with S and the obstruction theory will be denoted by 

4>s ■ E' ^ Lg. 



Remark 5.3.5. Since S is smooth, L* is given by the locally free sheaf 
^Is in degree zero. 

Suppose that we have a morphism 0* {E') — » E^ such that the 
following diagram commutes 



r (E's) 

0* (L's) 



- E'm 



<t>M 



(5.10) 



where the botom row is the morphism induced hy (j) : A4 —>■ S . Then, 
we can complete ()5.injl to a morphism of distinguished triangles as 
follows 



(E's] 



* E'm ' ^M/s 



E\, 



r{4's) 



4'M 



(5.11) 



0* (L's) . L'm > L'j^/s 
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where L'j^^g is the relative cotangent complex of A4 over S and -E^/^ 
is, a priori, an object in D^OmsJ- want to find conditions such 
that 

is a relative obstruction theory for M. over S, see [in] Section 7. From 
diagram ()5.1Hl it follows that, if the map 

is injective, then (pM/s '■ -^Xi/s ~^ ^*m/s ^ relative obstruction theory. 

Suppose that this is the case. Then, we have an induced perfect 
obstruction theory on each fiber of 0, [H]] Proposition 7.2. An easy di- 
mension count shows that this obstruction theory has virtual dimension 
zero. 

The fact that (j) : A4 S is locally trivial implies that, under the 
identification of each fiber of with Aiofi{R, F), the obstruction theory 
induced on the former stack does not depends on the point in S. 

Notation 5.3.6. Let us denote by F the stack Mofi{R,T), by Ep the 
obstruction theory on F induced by E^^g and by [F]^*^ the virtual 
fundamental class. 

Using the previous facts, we can prove the following formula 

= degree ([F]"'-) ■ [5]"" (5.12) 
So, to prove (j5.8L it remains to show that 

degree([F]-) = '[^ = (5.13) 

I otherwise. 

We have to understand Ep. The obstruction theory Ep can be 
obtained as follows. Let X A be a generic deformation of R, where 
A C C is a small open disc centered at the origin G C. We mean that 
R is isomorphic to the fiber of X A in 0. Notice that X is a Calabi- 
Yau threefold. The embedding i? — > X gives a group homomorphism 
H2{R,1) — > H2{X,Z) and, by abuse of notation, we will denote by 
F G H2{X, Z) the image of F G H2{R, Z). Since X ^ A is generic, we 
will have an isomorphism as follows, 

F = Mo,o{X,T). 

This follows easily from the explicit description of the semiuniversal 
deformation space of R given in Theorem 1, see also ^ET] Section 3. 
Then Ep coincides with the obstruction theory ()5.3p for to Aiofi{X, F). 

Now, (j5.13jl follows from the computation given in Proposition 
2.10. 
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5.3.2 The Ai case 

Here we prove Theorem 15. 1.31 This is a straightforward generalization 
of inni Theorem 3.5 (ii). 

Notation 5.3.7. The exceptional divisor E is irreducible and moreover 
the following description holds: E = P(-F), where F is a rank two 
vector bundle on S, Ne/z — C^f(— 2) ® n*L, where L is defined by 
A^F O L = R^tc^Ne/z- See Proposition HSU 

In this section T will be a/?, for a positive integer a. 

The universal stable morphism f : C ^ Z factors through a mor- 
phism g : C ^ E. See Lemma .3 .21 

Lemma 5.3.8. The moduli stack J^o^o{Z,a(3) is smooth of dimension 
dim S + 2a — 2. The virtual fundamental class is given by 

[Mo,oiZ, aPT' = Cr{h\E-^)) ■ [A^o,o(^, a(3)] (5.14) 

where 

h\E-'')=R'p,ig*NE/z) (5.15) 
is a vector bundle of rank r = 2a — 1. 

Proof. The smoothness of AiQfi{Z,aj3) follows from the fact that the 
fibers of are smooth, where is defined in Lemma l5.3.21 Indeed they 
are all isomorphic to AiQfi(f'^,aP). Moreover from Proposition 15.2.71 it 
follows that they have dimension 2a — 1. 

Equation (j5.14j) follows from Proposition I5.2.8| so, it remains to 
prove equation (I5.15jl . We will show that 

R^P*{f*Tz) is a vector bundle of rank 2a — 1, 

and that 

R'p,ig*NE/z) = R'p,{f*Tz). (5.16) 
Then the Lemma will follows from Proposition 15.2. iTl 

Since H'^{p-\u), f*Tz\p-^u)) = 0, R^p^{f*Tz) is locally free of rank 
0, see inni Theorem 12.11 (Cohomology and Base Change). So, it is 
enough to prove that H^{p~^{u), f*Tz)\p-i{u)) is independent from u. 

Let u = [ii : D ^ Z] E AiQ^o{Z,a(3) be a stable map. From the 
following exact sequence of locally free sheaves on E 

O^Te^ Tz\e ^ Ne/z = Oe{-2) ^ 0, 

we get the following 

^ ^i*Te ^ /i*Tz|ij ^ ^l*OE{-2) ^ 0. 



82 



CHAPTER 5. QUANTUM CORRECTIONS 



Since H\D,h*Te) = 0, we get 

H\D,fi*Tz) = H\D,fi*O^^D){-2)) 

which has dimension 2a — 1. 

To prove ()5.16|l . consider the following exact sequence 

O^Te^ Tz\e -> Ne/z -> 0, 
then apply R'p^. □ 

Remark 5.3.9. From the previous Lemma, it follows that 

[A^o,o(^, = ci{R't^.Ne/z) ■ [M,fl{Z,P)]. 

Lemma 5.3.10. We have the following exact sequence: 

^ ^P^R^-k.Ne/z) R^p.{g*NE/z) ^ ^ 0, 

where T is a vector bundle of rank 2a — 2 whose restriction on each 
fiber of is given as follows. Let p & S and consider the following 
commutative diagram: 

C</,-i(p) — ^ Ep 



(f) ^{p) > {p} 

where C^-i^p) is p^^{(t>^^{p)) and p \ (resp.g \) is the restriction of p 
(resp. g) on it, Ep is the fiber vr~-^(p) and TTp is the restriction of it. 
Then, the restriction of J-" to p~^{(j)'^^{p)) is: 

R'plia noE,{-i)®OE,i-i))). 

Proof. Since E = P(-F), we have the surjective morphism: 7r*(F^) 

Its kernel is Ia'^tt*{F'^)) ® So, we have the following 

exact sequence 

^ (aV*(F^)) ® ^ 7r*(F^) ^ Opil) ^ 0, 

which, tensorized with (vr* A^F®L) 1) gives the following one 

Ne/z ^ 7r*(F ® L) Of{-1) ^ 7t*{R^7t,Ne/z) 0, (5.17) 
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see Proposition I4.3.2I 

The pull back, under g, of ()5.17|) on C gives a short exact sequence 
of vector bundles, and then taking R'p^, we have the following long 
exact sequence: 

^ P*9*Ne/z ^ P* ip*<P*iF ®L)0 g*OFi-l)) ^ p,p*(P*R'7i,Ne/z 
^ R%ig*NE/z) ^ R'p* {p^*{F ®L)® g^Opi-l)) 
^ R^p,{p*(t)*R^Tx,NE/z) 0. 

Notice that 

{p*(f)*{F ® L) ® g*OF{-l)) = 
by Cohomology and Base Change. Moreover, projection formula gives 

P,P*4>*R^7c,Ne/z = (p*{R'n,NE/z) and 
R^p,{p*(j)*R^7c,NE/z) = (P*{R^ti,Ne/z)®R^P*Oc = ^. 

So, the result follows by defining 

jr .= Rip^ {p*(p*{F ®L)® g*OF{-l)) • 

□ 

Finally, to prove (15 .HI) , and so to complete the proof of Theorem 
15.1 .31 we have to show that 

/ C2._2 {g\{OE,{-i) © Oe,{-i)))) = ^. 

This is proved in ^H] Theorem 9.2.3. 
5.3.3 The case, n > 2 

We prove Theorem 15. 1.41 

Notation 5.3.11. For any i, j G {1, ...,n} with 1 < ^ < j < n, we will 

denote by Eij the union EiU ...U Ej. The restriction of vr to Eij will 
be denoted by vTjj. 

The moduli stack J^q^^Z, Pij) will be denoted by S, see Lemma 

EH 

Notice that we can assume that i = 1 and j = tt,, so that Eij = E 
and Pij = Pi, ...,Pn- The moduli stack is smooth of virtual dimension 
dim S — 1, so the virtual fundamental class is given by 

[SY'^ = ci{h\Ef)) ■ S 
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where E* is given as follows, see llb.'M : 

E's = R'-K^dQziE ^n] ^UJ^). 

Lemma 5.3.12. 

h\Ef) = R'7r,NE/z. 
proof. The complex of sheaves on E: 



(5.18) 



is isomorphic, in the derived category D{Oe), to a locally free sheaf 
G in degree —1. Indeed, the morphism ^z\e ~^ ^-k is surjective and, 
denoting by G its kernel, we have the following exact sequence 

^ G ^ Qz \ E ^ 0. 

Since ^2,^ is of projective dimension one, it follows that G is locally free. 
So, 

=i?V(G'^). 
We have the following exact sequence 

^ Oz{-E) \E^G^ 7T*ns 0. 
This follows from a diagram chasing in the next diagram, 





(5.19) 



Oz{-E) I E ^Qz \E- 



G 



\ E- 





Then, taking the dual of ()5.19|) and applying R'n^ we get the fol- 
lowing isomorphism 

which complete the proof. □ 



The proof of Theorem 15.1.41 will be completed by the following 
Lemma. 
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Lemma 5.3.13. 

Proof. Let us first assume that i < j. Let a be an integer which 
satisfies i < a < j. Let Ea = EiU ... U Ea and Ea+i = -Ej+i U ... U Ej. 
Let us denote by Sa = EaHEa+i. Consider the following exact sequence 

Oe., - O^^ © Os^^^ Os^ - 0, 

this gives the following, 

notice that Ne^^/z I = (Cz(^a + ^a+i)) I Ea = N^^/z ® C'zl^a+i) I 
Ea and Oz{Ea+i) \ Ea is, by definition, the line bundle associated to 
the intersection of Ea with the divisor -Ea+i, so it is 0^^{Sa). 

We now claim that 

R^T^ij^^E.j/Z = Ne/Z I Sa- 

This follows from the long exact sequence associated to the functor 
-R'vr* once we notice that 

R'^^N^^/ziSa) = R^n^NE^^^/ziSa) = for all p>0. (5.20) 

To see this, let Ca be a fiber of Eai Ca+i be a fiber of Ea+i and Pa = 
Ca n Ca+i. We can assume that C*a, Ca+i and Pa are embedded in the 
surface i? as a part of the exceptional divisor of R ^ R. Then, to prove 
(j5.2()j) is equivalent to prove the following identities, 

H^iCa, N^^^^ipa)) = Nc^^^^^ipa)) = for all p>0. 

To prove the equality: H^i^Ca, N^^^j^{pa) = 0, we proceed by induction 
on a. As before we have the exact sequence 

Nc^/R ^ N^^_,/RiPa-l) © Ar^„/H(Pa-l) iVc,/^ I Pa-1 

which tensorized by 0^^{pa) gives 

To prove the second isomorphism notice that 

Ne/Z I Sa = {Oz{Ea + Ea+l)) \ Sa 

= (Ne^/Z © OziEa+l) I Ea) I 5, 
= Ne^/Z I 5a©Oi?.(5a) I Sa. 
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The result follows from the explicit description of the divisors Ei in 
terms of the line bundles Li, Mi and K given in Proposition □ 

We now prove Theorem 15.1.51 We will use the fact that Gromov- 
Witten invariants are invariants under deformation of the complex 
structure of Z. The hypothesis of the Theorem will allow us to de- 
form Z in a convenient way. 

Notation 5.3.14. For any variety X, we will denote by Tx the sheaf 
of C-derivations, i.e., 

Tx = nomo^{n],,Ox), 
where fl]^ the sheaf of differentials of X. 

Proposition 5.3.15. Under the hypothesis H'^{Y,Ty) = 0, we have 
the following exact sequence of cohomology groups: 

^ H\Y,Ty) ^ H\Z,Tz) ^ (B'^^,H''{S,R'7ruNE,/z) ^ 0. (5.21) 

Proof. From the Leray spectral sequence, we have the following exact 
sequence of cohomology groups, 

^ H\Y,Ty) ^ H\Z,Tz) ^ H\Y,R'p,Tz) 
H\Y,Ty)^H\Z,Tz), 

where we have used the fact that p^Tz is isomorphic to Ty. This is true 
since Y has quotient singularities, see Lemma 1.11 for the proof, 
see also [H] for a proof in dimension 2. The vanishing of H^iY^Ty) 
gives the following short exact sequence: 

^ H\Y,Ty) ^ H\Z,Tz) ^ H\Y,R'p,Tz) ^ 0. 

We now claim that R^ p^Tz is isomorphic to i^ {®^=iR^t^uNei/z) ■ 
First of all notice that there is a morphism 

R^p.Tz K {®tiRWNE,/z) . (5.22) 

It is the composition of the morphism i* (R^p^^Tz) — > R^n^Tz \ E, as 
defined in [33] remark 9.3.1 Chapter III, and the morphism induced by 
Tz \ E ^ ©ILi-^^i/Z) as the sum of Tz \ E ^ ^ejz- We will prove 
that (I5.22jl is an isomorphism. 
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Since this is a local problem, let us suppose that Z = C'' x R. 
Then, from Kiinneth formula and the fact that the surface singularity 
is rational, we have the following isomorphism 

H\C'' X R, Tcfe^^) = OcO ® H\R, T^). 

Let C = Ci U ... U C„ C -R be the exceptional locus with the Ci be 
the irreducible components. Then, we have the following isomorphism: 

H\R,T^) = ®UH\CuNc^^f,), 

see [Tl] (1.8), and this shows that (I5.22|l is an isomorphism. □ 

Remark 5.3.16. It is known that H^{Y^ Ty) is in 1 — 1 correspondence 
with the set of locally trivial first order deformations of Y modulo iso- 
morphism. In the same way H^{Z,Tz) is in 1 — 1 correspondence with 
the set of first order deformations of Z modulo isomorphisms. So, the 
sequence ()5.21j) has the following meaning in deformation theory: to 
any first order locally trivial deformation of Y we can associate a first 
order deformation of Z, the remaining deformations of Z come from 
H'^{Y, R^p^^Tz). We are interested in understanding the last deforma- 
tions. 



Lemma 5.3.17. For any subset I C {1, .■.,n}, let us denote by Ej = 
UitzjEi. Let Tij : Ei ^ S be the restriction ofn. Then H^{S, R^tiuNej/z) 
is an obstruction space for deformations of Ei in Z. This means that, 
there is a morphism 

ob : H0(S,©r=iR'7ruNE,/z) ^ H°(S, RVi,Ne,/z) 

which associates to any a G H^{S, ®\^^iR^t^uNei/z) the obstruction 
oh{a) to extend Ei to the first order deformation associated to a, see 
Remark 15.3.161 

Proof. There is a morphism 

ob:Hi(Z,Tz)^Hi(Ei,NE,/z) 

which associate, to any first order deformation Z of Z, the obstruc- 
tion to the existence of a first order deformation £i of Ei in see 
[5i] Proposition II. 3. 3. Since H^iY.Ty) corresponds to locally trivial 
deformations y of Y , any element yt of the family has tranversal An 
singularities. The deformation Z oi Z induced by 3^ is a simultaneous 
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resolution, so it contains a deformation of Ej. It follows that ob factors 
through H^{S, (B'^^iR^ttuNei/z) ■ By abuse of notations we will denote 
by ob this induced morphism. 

To conclude the proof, we will show that 

H\Ej,Ne,/z) = H\S,R'7rj,NE,/z). 

We use the Leray spectral sequence, H'^i^S, R'^t^j^Nej/z) =^ H'^^'^i^Ei, Nej/z), 
to get the following exact sequence: 

^ H\S, ttj^Ne./z) ^ H\Ei, Ne,/z) ^ H\S, R'ttj^Ne./z) 

where nj : Ej ^ S is the restriction of tt to Ej. Since huNej/z = and 
H^{S,7!'j^,Nej/z) = 0, we have an isomorphism between H^{Ej, Nej/z) 
Siud H%S,R'7rj,NE,/z). □ 

Let a G H^{S, ®'^=iR^t^uNei/z) be a section, and let 

Z > Zi 

Spec(C) > Spec {^\^ 

be the corresponding first order deformation of Z . Then, there exists a 
finite deformation of Z which, at the first order, coincides with the one 
given by a, we will denote this deformation as follows 

Z > Z 

(5.23) 

{0} ^ A 

where A is a small disc in C around the origin G C. Indeed, by the 
Kodaira-Nirenberg-Spencer Theorem (1958), there exists a complete 
family of deformations of Z, see [HI] for a review. 

Let be a neighbourhood oi E m Z and r : — S" be a morphism 
whose restriction to E coincides with vr. Now, the deformation (I5.23|) 
induces a deformation V of V . We can choose V such that r extends 
to f : V — > S", here we use the hypothesis H^{S,Ts) = 0. Moreover, 
for K sufficiently ample, the deformation ()5.23p can be chosen in such 
a way the locus of points p & S such that there exists a rational curve 
in r~^(j)) whose homology class is T has codimension one, if F = ajSij, 
and has codimension strictly greater then one if F 7^ a^ij. 
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The previous considerations shows that, if F 7^ af3ij, then all the 
Gromov-Witten invariants vanish. Indeed the virtual dimension of 
A4ofi{Z, r) is dim S — 1. If F = a/3jj, then the locus of points p E S 
such that there exists a rational curve in r~^{p) whose homology class 
is r is {p e 5 : ob(a)(p) = 0}, where a G ^'I^-^R^ttuNe^/z) and 

ob is the morphism defined in Lemma f5 .3 .171 

5.4 Quantum corrected cohomology ring for 
^^-singularities 

Let F be a variety with transversal An-singularities and p : Z ^ Y 
be the crepant resolution. We compute the quantum corrected cup 
product *p Defined in Chapter 2.4. 

Convention 5.4.1. We will tacitly assume that nor spaces S, Y, Z fulfil 
the required hypothesis in order to be able to apply Theorem 15. 1 .3| l5?TT4l 
orETB 

Notation 5.4.2. Since the crepant resolution p : Z ^ Y is unique, the 
quantum corrected cup product *p will be denoted by *. 

Let 71,72 € H*{Z), then the product 71 * 72 will be represented by 
a family of cohomology classes in H*{Z) which depend on n complex 
parameters More precisely, for any 71,72,73 G H*{Z), one 

defines the quantum corrected triple intersection (71, 72, 73)p(q'i, ■■■,qn) 
as follows: 

(71, 72, l3)p{qu •-, Qn) = (71, 72, 73) + (71, 72, 73)gc(gi, Qn), 

where (71,72,73) = /271U72U73 and (71, 72, 73)gc(gi, ■■■,qn) is the quan- 
tum corrected 3-point function, see (12. 4|] . Note that, (71, 72, 73)p('?i, Qn), 
is a complex valued function defined on the domain of definition of the 
quantum corrected 3-point function. Then, the quantum corrected cup 
product, 7i * 72, is defined by the following equation: 

(71 * 72, 7) = (71, 72, 7)p(?i, Qn), for all 7 G H*{Z). 

So, 7i * 72 is a cohomology class in H*{Z) which depends on the pa- 
rameters gi,...,g„. The vector space H*{Z) with the product * forms 
a family of rings depending on the parameters qi,...,qn, see Theorem 
12.4.141 This family will be denoted by if* (Z)(gi, Clearly the pa- 
rameters gi, g„ belongs to the domain where the quantum corrected 
3-point function is defined. 
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Notation 5.4.3. Let us define 71 *e 72 by the following equation 

(7i*e72,7) = (7i,72,7)gc(gi,...,gn), for all 7 G if* (Z). (5.24) 
Then, if 71U72 = + . and 71*^72 = 5,+ei£'i + ...+e„£'„, 

71 * 72 = ^ + 5e + (ai + ei)Ei + ... + {an + e„)E„. 

Remark 5.4.4. If 71 G H*{Y) 0172 G H*{Y), then 71*72 = 0. Indeed, 
under these hypothesis, all the Gromov-Witten invariants \I/f (71, 72, 73) 
are zero. 

So, we can assume 71 = Ei and 72 = Ej. 

Remark 5.4.5. Ei *^ Ej G H*(Y)^, where H*{Y)^ is the subspace of 
H*{Z) which is orthogonal to H*{Y) with respect to the ususal pairing 

U = /z- 

Lemma 5.4.6. The following expression holds: 

n 

Ei Ej = {c-^)imRijm{q)ci{K)Ei, (5.25) 

l,m=l 

where, Cn is the n x n matrix U-^ , K is the line bundle on S defined 
in Lemma \S.4.-iA if n > 2 and is R^ti^{Ne/z) if n = 1, (g) denote 
(gi, ...,qn), and Rijm{q) is defined by the following expression: 

Rijm{q) = ^(-^j ■ l3rs){Ej ■ (3rs){Em " f3rs)j-^ — • 

r<s 

As usual, f3rs = f3r + ... + Ps- 

Proof. Let Ei *e Ej = eiEi + ... + enE^. Then, the left hand side of 
()5.24|] becomes 



» n 

{E,*,Ej,aEk) = / Y^Jun*{ei)UaEk 

1=1 

n „ 

= P*(j^*<(eOUa^fe) 

1=1 



n „ 

1=1 

n „ 

V / t,7Tu{7T*{ei U a) U [El n Ek C Ei]) 

1=1 



[tk-i - 2efc + efc+i) U a. 



s 
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On the other hand 



oo ~ 
a=l l<r<s<n ^ 

= Rijkiq) [ «Uci(X). 

So, we get the following equations for ei, e„: 

/ (efe_i - 2efc + efc+i) U a = Rijk{q) aU ci{K) for a e H*{S). 
Js JS 



□ 



As a consequence, we have the following result. 
Proposition 5.4.7. The following expression holds for E^ * Ej: 

n 

Ei *Ej^ ^ {c~^)im{Rijm{q)ci{K) + aijm}Ei, 



(5.26) 



where 



l,m=l 







if\i-j\ > 1; 

(0, ...,0,iK -M,M -{i- 1)K, 0, 0) 
ifj = ^ - 1; 

(0, 0, M - (z - 1)/^, -4/^, (i + 1)K - M, 0, 0) 



where, in the second row, iK — M is in the {i — l)-th place, and in the 
third —AK is in the i-th place. 
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Chapter 6 

Comparisons for Ai, A2 and 
conclusions 



We put together the computations of the previous chapters in order to 
verify Ruan's conjecture for orbifolds with transversal A„-singularities. 
Actually we have a complete picture only when n = 1,2. These cases 
gives informations about how things should go in the general case. 



6.1 The Ai case 

Form Lemma f5. 4. 61 we immediately get 

E*,E = A-^ci{E't^,Ne/z)E. 

1 — Q 



So, from Proposition l4.4.2| we get the following expression for the quan- 
tum corrected cup product: 

E*E = -2i,{\S]) +(^ + Ci{R'n,NE/z)E. 

The orbifold cohomology ring has been computed in Ex- 

ample 13.5.21 It is easy to see that the following morphism is a ring 
isomorphism 

HU[Y]) - H\Z){-1) 
(5, a) ^ {5,^^^^a), 

where H*{Z){-1) is the ring H*{Z){q), defined in Theorem EHIH for 
q = -l. 
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6.2 The A2 case 

We will tacitly assume that uor spaces 5", Y, Z fulfil the required hy- 
pothesis in order to be able to apply Theorem 15.1 .31 l5'.1.4l or l5n~5l 

Notation 6.2.1. We will use the following notation: 61 = j^— , ^2 = 
^ and ^3 = T^^- 

1-92 1-9192 

The following expressions holds for 

El*, El = -2[S] + i{2 + 46i + 63)M+{3 + 46i + 63)L)Ei 
+ {{61 + 5^)M + (2 + 52 + 53)^) E2 

Ei*,E2 = [S] + {{-1 -26i + 63) M + {-261 + 63)1) El 
+ ((-252 + 63)M + (-1 - 252 + 63)1) E2 

E2*eE2 = -2[S] + {{2 + 6i + 63)M+{6i + 63)L)Ei 
+ ((3 + 452 + S3)M +{2 + 62 + 63)1) E2. 



Remark 6.2.2. Notice that, for qi = q2 = —1, ^3 = 00, so, we have 
to modify slightly the cohomological crepant resolution conjecture (see 
Conjecture 12.4. 16| . In any case. 

The orbifold cohomology ring for transversal A2-singularities has 
been computed in Example 13.5.31 The resulting ring is described as 
follows: 

ei Uorfe Ci 
Ci yJorb 62 
62 Uo,,b 62 

Remark 6.2.3. Notice that the previous expressions, for the quantum 
corrected cup product * and for the orbifold cup product, are symmetric 
if we exchange Ei E2, L M and ei ^ 62- 



= 1/62 




= Mei. 



6.2. THE A2 CASE 95 



Theorem 6.2.4. The pairs (gi, 52) for which there exists a ring isomor- 
phism H*{Z){qi, ^2) H*^fj{[Y]) which respects the symmetry described 
in E,emark \6.2.^ are: qi = q2 = exp{^ni) and qi = q2 = exp{^7ii). 

Proof. We are looking for a linear isomorphism 

In order for it to respects the symmetry, we must have a = d and b = c. 
The condition to be a ring homomorphism gives a lot of equations, 
in particular we have Si = 62. Moreover we get the following two 
possibilities: a = \/3exp(|i) and b = A/3exp(|7ri), or a = — v^exp(|7ri) 
and b = \/3exp(|i). The first choice corresponds to qi = q2 = exp(|7ri), 
the second to qi = q2 = exp(|7ri). □ 



Comments 6.2.5. As pointed out in Remark f5. 1.71 if the orbifold [Y] 
carries a holomorphic symplectic 2-form, then our Gromov-Witten in- 
variants are zero. It is easy to see that the isomorphisms H*{Z){qi, 52) — 
H*^^{[Y]) founded in Theorem 16.2.41 are still isomorphisms in this case, 
i.e. in the holomorphic symplectic case. So, to find an isomorphism 
in the An case, one can try to find an isomorphic under the addi- 
tional hypothesis for [Y] to carries an holomorphic symplectic 2-form, 
and then try to prove that this is still an isomorphism in the general 
case. Of course the natural candidates for the parameters qi, ...,g„ is 
qi = ... = qn equal to a nth root of unit, such that gi • • • g„ 7^ 1. 
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natural transformation, 8, 11 
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nontwisted sector, 21 

obstruction bundle, 25 
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cohomology, 26 
obstruction theory 



for Gromov-Witten invariants, 
71 

obstruction theory, 70 

perfect, 70 
orbifold, 1 
orbifold 

atlas 
complex. 5 

complex, 5 

complex dimension, 5 

dimension, 3 

reduced, 4 

smooth, 2 
orbifold atlas, 2 
orbifold cohomology group, 22 
orbifold cotangent bundle, 16 
orbifold cup product, 26 
orbifold differential form, 16 
orbifold tangent bundle, 15, 16 
orbifold vector bundle 

complex, 17 

holomorphic section of, 17 
smooth, 15 
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orbifold with transversal ADE- 
singularities, 38 

Poincare duality, 23 

Poincare duality for orbifolds, 17 

polyhedral groups, 36 

quantum corrected 3-point func- 
tion, 29 

quantum corrected cup product, 
30 



96 



INDEX 

quantum corrected triple inter- 
section, 30 

rational double point, 35 
rational double points, 35 
resolution graph, 37 

topological covering, 39 
twisted sector, 21 

uniformizing system 
at a point, 4 
complex, 4 

complex dimension of, 5 
complex embedding of, 5 
dimension of, 2 
embedding of, 2 
for an open subset, 1 
induced, 3 
universal curve, 71 
universal stable map, 71 

virtual dimension, 70 
virtual fundamental class, 70 

weighted homogeneous, 7 



98 INDEX 



Bibliography 



[1] D. Abraniovich, A. Corti, A. Vistoli, Twisted bundles and admissible 
covers, Special issue in honor of Steven L. Kleiman. Comm. Algebra 
31 (2003), no. 8, 3547-3618. 

[2] D. Abramovich, T. Graber, A. Vistoli, Algebraic orbifold quan- 
tum products, Orbifolds in mathematics and physics (Madison, WI, 
2001), Contemp. Math., 310, 1-24, Amer. Math. Soc, Providence, 
RI, 2002. 

[3] M. Artin, Algebraic approximation of structures over complete local 
rings, Publ. Math, de 1' I.H.E.S. 36 (1969), 23-58. 

[4] P. S. Aspinwall, Resolution of Orbifold Singularities in String The- 
ory, Mirror symmetry, II, 355-379, AMS/IP Stud. Adv. Math., 1, 
Amer. Math. Soc. Providence, RI, 1997. 

[5] W. Barth, C. Peters, A. Van de Ven, Compact Complex Surfaces, 
Springer- Verlag Berlin Heidelberg (1984). 

[6] V. V. Batyrev, L. A. Borisov, Mirror duality and string-theoretic 
Hodge numbers. Invent. Math. 126, 183-203 (1996). 

[7] A. Beauville, Varietes Kdhleriennes dont la premiere classe de 
Chern est nulle, J. Differential Geom. 18 (1983), no. 4, 755-782 
(1984). 

[8] A. Beauville, Symplectic singularities. Invent. Math. 139 (2000), 
no. 3, 541-549. 

[9] K. Behrend, Gromov-Witten invariants in algebraic geometry, In- 
vent. Math. 127, no. 3, 601-617 (1997). 

[10] K. Behrend, B. Fantechi, The intrinsic normal cone. Invent. Math. 
128, no. 1, 45-88 (1997). 



99 



100 BIBLIOGRAPHY 

[11] L. A. Borisov, L. Chen, G. G. Smith, The orbifold Chow ring of 
toric Deligne-Mumford stacks, J. Amer. Math. Soc. 18 (2005), no. 

I, 193-215. 

[12] J. Bryan, T. Graber, Quantum cohomology for orbifolds and their 
crepant resolutions, in preparation. 

[13] J. Bryan, S. Katz, N. C. Leung, Multiple covers and the integrality 
conjecture for rational curves in Calabi-Yau threefolds, J. Algebraic 
Geom. 10 (2001), no. 3, 549-568. 

[14] D. M. Burns, M. Wahl, Local Contributions to Global Deformations 
of Surfaces, Inventionas Math. 26, 67-88 (1974). 

[15] H. Cartan, Quotient d'un espace analytique par un groupe 
d'automorphismes, A symposium in honor of S. Lefschetz, Algebraic 
geometry and topology, pp. 90-102. Princeton University Press, 
Princeton, N. J. 1957. 

[16] W. Chen, Y. Ruan, A New Cohomology Theory of Orbifold, Com- 
mun. Math. Phys.248, 1-31 (2004). 

[17] W. Chen, Y. Ruan, Orbifold Gromov-Witten theory, Orbifolds in 
mathematics and physics (Madison, WI, 2001), Contemp. Math., 
310, 25-85, Amer. Math. Soc, Providence, RI, 2002. 

[18] H. Clemens, J. Kollar, S. Mori, Higher Dimensional Complex Ge- 
ometry, Asterisque 166 (1988). 

[19] D. Cox, and S. Katz, Mirror symmetry and algebraic geome- 
try, Mathematical Surveys and Monographs 68, Amer. Math. Soc, 
Providence, RI (1999). 

[20] A. Craw, Ph.D. Thesis, Ihttp?// 

www.math.sunysb.edu^craw/pubs/ 

[21] P. Deligne, D. Mumford, The irreducibility of the space of curves 
of given genus, Publ. Math. I.H.E.S. 36, 75-110 (1969). 

[22] L. Dixon, J. A. Harvey, C. Vafa, E. Witten, Strings on orbifolds. 
Nuclear Phys. B 261, 678-686 (1985). 

[23] L. Dixon, J. A. Harvey, C. Vafa, E. Witten, Strings on orbifolds, 

II, Nuclear Phys. B 274, 285-314 (1986). 

[24] I. Dolgachev, Weighted projective varieties, in Group actions and 
vector fieds, author Carrell, James B., Lecture notes in mathemat- 
ics. V.956, Springer- Verlag, Berlin. 



BIBLIOGRAPHY 



101 



[25] A. H. Durfee, Fifteen characterizations of rational double points 
and simple critical points, Enseign. Math. (2) 25 (1979), no. 1-2, 
131-163. 

[26] P. Du Val, Homographies, quaternions and rotations, Oxford 
Mathematical Monographs, Clarendon Press, Oxford 1964 xiv+116 
pp. 

[27] D. Edidin, Notes on the construction of the moduli space of curves, 
Recent progress in intersection theory (Bologna, 1997), 85-113, 
Trends Math., Birkhauser Boston, Boston, MA, 2000. 

[28] B. Fantechi, L. Gottsche, Orbifold cohomology for global quotients, 
Duke Math J. 117 (2003), 197-227. 

[29] A. Fujiki, On Primitively Symplectic Compact Kdhler V-mainifolds 
of dimension four, in Classification of Algebraic and Analytic 
Manifolds, Katata 1982 (ed. K. Ueno), Birkhauser, Boston-Basel- 
Stuttgard (1983), 71-260. 

[30] W. Fulton, Intersection Theory, Springer- Verlag Berlin Heidel- 
berg,1998. 

[31] W. Fulton, Introduction to Toric Variety, Annals of Mathematics 
Studies 131, Princeton University Press, Princeton, NJ, 1993. 

[32] V. Ginzburg, D. Kaledin, Poisson deformations of symplectic quo- 
tient singularities. Advances in Mathematics 186 (2004), 1-57. 

[33] R. Hartshorne, Algebraic Geometry, Springer- Verlag New York, 
1977. 

[34] R. Hartshorne, Residues and Duality, LNM 20, Springer, 1966. 

[35] T. J. Jarvis, R. Kaufmann, T. Kimura, Pointed Admissi- 
ble G -Covers and G-equivariant Cohomological Field Theories, 
|math.AG/03023f6| 

[36] S. Katz, D. Morrison, Gorenstein threefold singularities with small 
resolutions via invariant theory for Weyl groups, J. Algebraic Geom. 
1 (1992), no. 3, 449-530. 

[37] T. Kawasaki, The signature theorem for V-manifolds, Topology 17 
(1978), no. 1, 75-83.. 

[38] W-P. Li, Z. Qin, On 1-point Gromov-Witten invariants of the 
Hilbert schemes of points on surfaces, Turkish J. Math. 26 
(2002),53-68. 



102 BIBLIOGRAPHY 



[39 
[40 
[41 



[42 

[43 
[44 
[45 
[46 
[47 
[48 
[49 

[50 

[51 
[52 



E. Lupercio, B. Uribe, Gerbes over orbifolds and twisted K-theory, 
Comm. Math. Phys. 245 (2004), no. 3, 449-489. 

W. S. Massey, A basic course in algebraic topology, Springer- Verlag 
New York, GTM 127. 

J. McKay, Graphs, singularities, and finite groups, The Santa Cruz 
Conference on Finite Groups (Univ. California, Santa Cruz, Calif., 
1979), pp. 183-186, Proc. Sympos. Pure Math., 37, Amer. Math. 
Soc, Providence, R.I., 1980. 

I. Moerdijk, Orbifolds as groupoids: an introduction. Orbifolds in 
mathematics and physics (Madison, WI, 2001), 205-222, Contemp. 
Math., 310, Amer. Math. Soc, Providence, RI, 2002. 

I. Moerdijk, D. A. Pronk, Orbifolds, sheaves and groupoids, K- 
Theory 12 (1997), no. 1, 3-21. 

I. Moerdijk, D. A. Pronk, Simplicial cohomology of orbifolds, 
Indag. Math. (N.S.) 10 (1999), no. 2, 269-293. 

D. Mumford, The red book of varieties and schemes, Lecture Notes 
in Mathematics, 1358. Springer- Verlag, Berlin, 1999. x+306 pp. 

J. Pan, Y. Ruan, X. Yin, Gerbes and twisted orbifold quantum 



cohomology, [math . AG/05043691 

R. Pardini, Abelian covers of algebraic varieties, J. reine angew. 
Math. 417 (1991), 191-213. 

Z. Ran, Stability of certain holomorphic maps, J. Differential ge- 
ometry 34 (1991), 37-47. 

M. Reid, Canonical 3— folds, Journees de Geometric Algebrique 
d'Angers, A. Beauville, editor, Sijthoff and Noordhoff, Alphen aan 
den Rijn, (1980), 131-180. 

M. Reid, Young Person's Guide to Canonical Singularities, Alge- 
braic Geometry Bowdoin 1985, Proc. Symp. Pure Math. 46 (1987), 
345-416. 

S.-S. Roan, Minimal resolutions of Gorenstein orbifolds in dimen- 
sion three. Topology 35 (1996), no. 2, 489-508. 

Y. Ruan, Cohomology Ring of Crepant Resolutions of Orbifolds, 



preprint, |math.AG/0108195t 



BIBLIOGRAPHY 



103 



[53] I. Satake, On a generalization of the notion of manifold, Proc. Nat. 
Acad. Sci. U.S.A. 42 (1956), 359-363. 

[54] E. Sernesi, Deformations of schemes, in preparation. 

[55] J. -P. Serre, Linear representations of finite groups, Graduate Texts 
in Mathematics, Vol. 42. Springer- Verlag, New York-Heidelberg, 
1977. x+170 pp. 

[56] J. H. M. Steenbrink, Mixed Hodge structure in the vanishing coho- 
mology, in Real and complex singularities, Oslo 1976 (ed P. Holm), 
Sijthoff and Xoordhoff, Alphen aan den Rijn, 535-563. 

[57] G. N. Tyurina, Resolution of singularities of plane deformations 
of double rational points, Finctional Anal. Appl. 4 (1970), 68-73. 

[58] M. Verbitsky, Holomorphic symplectic geometry and orbifold sin- 
gularities, Asian J. Math. 4 (2000), no. 3, 553-563. 

[59] A. Vistoli, Intersection theory on algebraic stacks and on their 
moduli spaces. Invent. Math. 97 (1989), no. 3, 613-670. 

[60] P. M. H. Wilson, The Kdhler cone on Calabi-Yau threefolds. Invent. 
Math. 107, no. 3, 561-583 (1992). 

[61] P. M. H. Wilson, Erratum: "The Kdhler cone on Calabi-Yau three- 
folds". Invent. Math. 114, no. 1, 231-233 (1993). 

[62] E. Zaslov, Topological orbifold models and quantum cohomology 
rings, Commun. Math. Phys.156, 301-331 (1993). 



